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Abstract:

This thesis is concerned with the relationship of Chern-Simons gauge theory to

two-dimensional conformal field theory. The Chern-Simons action is introduced and

several concepts such as Line and Surface Operators are introduced. The interpretation

of surface operators as boundary conditions is explained and a classification of these

operators in the abelian theory due to Kapustin and Saulina is reviewed [1].

An attempt to understand surface operators in the non-abelian theory is made. It is

shown that in SU(2) Chern-Simons theory surface operators can only exist if the level

of the theory is an even integer. This confirms a well-known result in conformal field

theory known as ADE classification [2]. In the case of SU(3) Chenr-Simons theory it is

shown that no level dependence arises even for nontrivial surface operators.

Finally, several concepts of conformal field theory are reviewed and the fusion of

surface operators is described in two-dimensional terms resulting in a composition rule

for rational û(1) CFTs.

In the appendix, several basic principles are reviewed.
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1. Introduction

Chern-Simons gauge theory is a three dimensional topological quantum field theory

which has gained considerable interest by mathematical physicists in recent years. There

are several reasons for this. First of all, Chern-Simons theory is a particularly simple

example of a topological quantum field theory, therefore providing a nice playground on

which many new ideas and methods can be tried out.

Secondly, there is an intimate connection to two-dimensional conformal field theory

first discovered by Witten in 1988 [3] (see also [4, 5]). This has raised interest in Chern-

Simons theory since it provides a method to study various aspects of 2d conformal field

theories in 3d terms.

Interesting observables in Chern-Simons theory are line operators and surface op-

erators which are topological defects localized on one-dimensional lines and surfaces,

respectively, as well as local operators inserted on the junction of two line operators.

The collection of surface- line- and local point operators turns out to have the structure

of a monoidal 2-category, the monoidal structure being given by fusion of two operators.

The fusion product has been constructed explicitly in Chern-Simons theory by Kapustin

and Saulina in [1] and [6].

A surface operator supported on a surface Σ in a theory TFT can (locally) be equiv-

alently viewed as a boundary condition in the theory TFT ⊗TFT (where TFT denotes

the parity reverse of TFT ) by folding the space-time manifold across Σ. This correspon-

dence makes it interesting to study boundary conditions in topological quantum field

theories defined on three dimensional manifolds with boundaries. For abelian Chern-

Simons theory this has been done in [1] where the 2-category structure has been used

to constrain the values of the Chern-Simons level at which certain surface operators can

exist. More precisely, they investigated line operators puncturing a surface operator

leading to certain relations between their charges which are only consistent for certain

values of the Chern-Simons level.

The present thesis is a first attempt on generalizing the results of [1] to the case of non-

abelian Chern-Simons theory. The SU(2) case turns out to be particularly interesting

because of a known relationship to two-dimensional conformal field theory. It was shown

e.g. in [4, 5] that boundary conditions in Chern-Simons theory lead to certain conformal
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1. Introduction

field theories on the boundary (see also [7]). Several aspects of this relationship are

outlined in sections 2.3 and 5.6.

In particular, it is known that a boundary condition (or equivalently, a surface opera-

tor) in SU(2) Chern-Simons theory at level k leads to a CFT with symmetry ŝu(2)k. But

for such CFTs there exists an ADE classification [2]. The interpretation of surface oper-

ators as boundary conditions suggests that an analogous ADE classification should exist

for surface operators in the three dimensional theory. We construct the surface operators

corresponding to the A and D invariants by topological considerations. Especially, we

will show that the surface operators corresponding to the D invariants can only exist for

even k which is expected from analogous results in comformal field theory. We will also

explicitly show an analogous result for surface operators in SU(3) Chern-Simons theory,

thereby confirming again well-known results in SU(3) conformal field theories [22].

The E invariants in ŝu(2)k conformal field theories only exist for three special values

of the level k and it does not seem likely that one can understand them by classical

considerations. We will leave them for future work.

As a second step towards understanding the relationship between Chern-Simons theory

and two-dimensional conformal field theory we will study the fusion of surface operators

in the abelian theory from the two-dimensional point of view. To every surface opera-

tor in U(1) Chern-simons theory there corresponds a free Boson-CFT on its suppport

surface. The fusion of two surface operators will lead to a (kind of) product structure

which takes two CFTs and assigns to them a new one.

In sections 2 to 4 we will mostly review known facts and recent developments in Chern-

Simons theory. The following sections contain treatments of new, previously unsolved

questions and comparisons to previously known results. In sections 2 and 3 we will

first introduce the Chern-Simons action, as well as line and surface operators in Chern-

Simons theory. In section 4, we will review some results of [1] which we need to compare

with our own results in sections 6,7 and 5.6 where we study non-abelian Chern-Simons

theory and two-dimensional conformal field theory, respectively. The appendix contains

a more elementary and mathematical introduction to Chern-Simons theory.
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2. Chern-Simons theory

2.1. The action

Chern-Simons gauge theory with gauge group G is defined by the action

S =
k

8π2

∫
M

Tr
(
A ∧ dA+

2

3
A ∧A ∧A

)
(mod 1) (2.1.1)

for some closed three-manifold M and G-connection A. Tr denotes some Ad-invariant

bilinear form on the Lie algebra g. The integer k is called the level of the theory (see

appendix A for more details).

For non-simply connected gauge groups this action is not always well defined since

there might not be a global section of the G-bundle to pull the connection back to M .

One method to resolve this ambiguity is to choose a 4-manifold B such that ∂B = M

and define

S =
k

8π2

∫
B

Tr(F̃ ∧ F̃ ) (mod 1), (2.1.2)

where F̃ extends the curvature F over B. Since d(F ∧ F ) = A ∧ dA+ 2
3A ∧A ∧A, this

definition coincides with (2.1.1) when (2.1.1) makes sense, but also exists in more general

cases, namely whenever the bundle E →M extends to a bundle over B. As pointed out

in [8], for an abelian gauge group this is always possible. The case of even more general

compact gauge groups requires special treatment. A good reference for this is [23].

For the action to be independent of the bounding manifold B one must require that

for closed 4-manifolds B, the integral (2.1.2) is an integer. This fixes the normalization

of the bilinear form Tr.

2.2. The abelian case

Let now G = U(1). Then g = iR and

S =
k

4π2

∫
B
F̃ ∧ F̃ , (2.2.1)

9



2. Chern-Simons theory

(where the bilinear form Tr is encoded in k
4π2 ). In this normalization the path integral

reads

Z(M) =

∫
exp

(
2πi

k

4π2

∫
B
F̃ ∧ F̃

)
DA. (2.2.2)

It is convenient to redefine the action such that the path integral reads

Z(M) =

∫
exp

(
−S′(A)

)
DA (2.2.3)

which is achieved by putting

S′(A) =
iK

4π

∫
B
F̃ ∧ F̃ . (2.2.4)

where K = 2k (note that now the action is defined modulo 2πi rather than modulo 1).

This is the normalization used in [1].

For an arbitrary abelian gauge group G = U(1)N the even integer K is replaced by a

symmetric even integral bilinear form on u(1)N i.e. a bilinear form with even integers

on the diagonal which is contracted with the Lie algebra valued four-form F̃ ∧ F̃ .

When talking about the abelian theory, we will always use the action (2.2.4) and omit

the prime.

In the abelian theory we have the big advantage that the Lie algebra of G = U(1)N

is (very nearly) the same as the universal cover of G. We can think of G as the quotient

Rn/2πΛ for a subgroup Λ ∼= Zn and of the Lie algebra g as Λ ⊗ R. The integrality

conditions on the bilinear form K now read K(λ, λ′) ∈ Z and K(λ, λ) ∈ 2Z for λ, λ′ ∈ Λ.

This will be helpful in section 4.

2.3. From Chern-Simons theory to conformal field theory

As mentioned in the introduction, there is an interesting relationship between Chern-

Simons theory and two-dimensional conformal field theory. We will explain the origin

of this relationship following [4]; see also [3],[5].

We start with the action (2.1.1) onM = Σ×R for some compact surface Σ. Decompose

the exterior derivative as d = dt ∂∂t + d̃ where t is the coordinate in R and d̃ is the exterior

derivative on Σ. Similarly, we write A = A0 + Ã for the gauge field. The action can be

written as

S = − k

8π2

∫
M

Tr

(
Ã ∧ ∂Ã

∂t
dt

)
+

k

4π2

∫
M

Tr
(
A0 ∧ (d̃Ã+ Ã2)

)
. (2.3.1)
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2.3. From Chern-Simons theory to conformal field theory

(For the action to take this form, it is necessary to choose a boundary condition to kill

surface terms.)

Obviously, A0 can be integrated out in the path integral giving us a delta functional

δ(F̃ ), where F̃ = d̃Ã+ Ã2.

As an example, let us implement this constraint in the case Σ = D a disk. The

constraint F̃ = 0 is solved by A = −d̃U U−1 for a map U : Σ → G. Plugging this back

into the action, we obtain

S =
k

8π2

∫
∂M

Tr
(
U−1∂φU U

−1∂tU
)
dφ dt+

k

24π2

∫
M

Tr
(
(U−1dU)3

)
, (2.3.2)

where φ is the angular coordinate on ∂D.

This is the action of a two-dimensional conformal field theory known as the Wess-

Zumino-Witten (WZW) model.1 It only depends on boundary values of the field U .

Note that different choices of boundary conditions yield different 2d CFTs, since the

boundary values of the gauge transformations U depend on the boundary condition.

The connection between Chern-Simons theory and 2d WZW models can also be seen

in different ways. In [3], for example, it was noted that the Hilbert space of states of

Chern-Simons theory can be identified with the space of conformal blocks of the WZW

model. In [9] an isomorphism between the classical phase spaces of the Chern-Simons

and WZW theories is constructed. Yet another way to see the connection is presented

in [10].

In section 5.6 we will explore this relationship in the case of U(1) Chern-Simons theory

with surface operators and line operators inserted. It is well-known that line operators

puncturing a surface operator correspond to primary fields in the corresponding CFT

[6]. In section 5 we will show this relation ship in the case of U(1) Chern-Simons theory

explicitly.

1 We note that one not only recovers the action of the WZW model from Chern-Simons theory, but even

the WZW path integral since the change of variables from A to U has trivial Jacobian:
∫
δ(F̃ )DÃ =∫

DU .
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3. Line and Surface Operators

3.1. Line Operators and the Discriminant Group

Line Operators are observables localized on one-dimensional curves and are an important

tool to study the structure of topological and conformal field theories. In the following,

we will give a brief characterization of line operators in abelian Chern-Simons theory

which eventually leads to the notion of the discriminant group. We will mainly follow

[1].

In abelian Chern-Simons theory, line operators are Wilson lines. Given a curve γ, a

Wilson line is defined as

WX(γ) = exp

(∫
γ
X(A)

)
, (3.1.1)

where X ∈ Λ∗ = Hom(Λ,Z) is its charge. It is easy to see that for closed γ Wilson loops

are gauge invariant: if f is a gauge transformation, A transforms as A 7→ A + df and

the Wilson loop becomes

exp

(∫
γ
X(A+ df)

)
= exp

(∫
γ
X(A) +

∫
γ
X(df)

)
= exp

(∫
γ
X(A) +

∫
γ
dX(f)

)
= exp

(∫
γ
X(A)

)
by Stokes’ theorem.

If the curve γ is not closed, Wilson lines may still exist if their charge can be screened

by a local operator. Also, two Wilson lines with different charges may be connected by

inserting a local operator at their joining point. In this way, one obtains the structure of

a category whose objects are the line operators and whose morphisms are local operators

inserted at their junction.

Let us go a little deeper into this. First, it is clear that the only local operators

which can be inserted into closed Wilson loops are multiples of the identity (otherwise

we would lose gauge invariance). In categorical language this means that the space of

endomorphisms of a Wilson loop WX is C.
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3. Line and Surface Operators

Now consider two Wilson lines WX ,W
′
X joining at some point p ∈ M . Applying a

gauge transformation f we get a contribution

exp
(
(X −X ′)(f(p))

)
(3.1.2)

which has to be cancelled. It turns out that the only way to do this is using Dirac

monopole operators [1]. These have electric charges Km, m ∈ Λ (see section 3.1 of [1]).1

As a result, two Wilson lines can be joined if and only if their charges satisfy

X −X ′ = Km (3.1.3)

for some m ∈ Λ. It is clear that if there exists a morphism from WX to W ′X , then there

also exists one from W ′X to WX (simply by changing the sign of m). So, regarded as

category objects WX and WX+Km are isomorphic.

We can pass from the above category to an equivalent one by identifying isomorphic

objects. The isomorphism classes of Wilson lines are now classified by the finite group

D = Λ∗
/

im(K) (3.1.4)

known as the Discriminant group.

3.1.1. Example

Let us compute the Discriminant group for an interesting special case. Consider the

theory of section 2.2 with G = U(1), Λ = Λ∗ = Z and K = 2k.

Clearly, im(K) = 2kZ and so

D = Λ∗
/

im(K) = Z
/

2kZ (3.1.5)

From this very simple calculation we immediately know that in U(1) Chern-Simons

theory with K = 2k there are exactly 2k non-isomorphic line operators.

3.2. Surface Operators

Surface Operators in 3d topological quantum field theory are topological defects sup-

ported on a codimension one submanifold of M , i.e. they are defined by gluing together

two different TQFTs defined on the two sides of the surface. They are important ob-

servables in 3d TFT and have gained much attention in recent years [11]-[12],[7],[13].

1 Here, we are regarding the bilinear form K as a map K : Λ→ Λ∗.
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3.2. Surface Operators

Σ

CFT1 CFT2

glue

A1 A2

M

Figure 3.1.: A surface operator in a solid cylinder M .

There are several operations one can perform with surface operators and line operators

which result in a nice mathematical structure. First, two surface operators S and S′

may meet on a one-dimensional curve if a line operator W is inserted on their junction

(equivalently, we can view the line operator as changing S to S′).

S S′

W

Figure 3.2.: A line operator W separating two surface operators S and S′.

This operation gives us the structure of a category whose objects are the surface op-

erators itself and whose morphisms are line operators inserted between them. Similarly,

line operators may be joined by inserting a local operator ϕ at their junction.

Thus, line operators form a category, too with morphisms given by local operators

inserted at their junction. Altogether we obtain the structure of a 2-category (that is, a

category whose morphisms are a category again).

There a notion of tensor produce for surface operators known as fusion. To get a feeling

what this means, imagine we have two surface operators supported on two surfaces of

the same topology. What will happen if we let the distance between the two surfaces go

to zero?

The surfaces will merge and the theory between them will vanish resulting in a gluing

15



3. Line and Surface Operators

W ′

W

ϕ

Figure 3.3.: A local operator ϕ separating two line operators W and W ′.

Σ Σ′

A A′′A′

ε

ε→ 0
Σ = Σ′

A A′′

Figure 3.4.: The fusion of surface operators.

of the outer theories, i.e. a new surface operator. The fusion of surface operators equips

our 2-category with a monoidal structure (that is, a sort of tensor product). More on

this topic can be found in [11]. Explicit constructions of this monoidal structure have

been given in abelian Chern-Simons theory by Kapustin and Saulina in [6] and [1]. We

will come back to this topic in section 5.6.

We will end this section with a brief description of the so-called folding trick. Locally,

a surface operator in a given CFT can be equivalently viewed as a boundary condition

the tensor product TFT ⊗ TFT of the theory with its parity reverse on the manifold

with boundary that arises when one folds the space-time manifold across the surface

where the defect is localized (see e.g. [14, 6]). More precisely, suppose we have a surface

operator gluing the G-connections A = Aµdx
µ and A′ = A′µdx

µ on a surface Σ, i.e.

imposing some relation between A and A′ which we will call R(A,A′).

We let the x1-direction run perpendicular to Σ. Now, take the part of the space-time

manifold lying on the right of Σ, reflect it across Σ and identify points with the part on

the left. Because of the reflection the 1-component of A′ picks up a sign so that we are

now dealing with Ā′ := −A′1dx1 +A′2dx
2 +A′3dx

3.

If we now take the theory with gauge group G⊕G whose gauge field is the pair A, Ā′,

16



3.2. Surface Operators

Σ

A A′

fold
Σ

(A, Ā′)

Figure 3.5.: .

it is clear that we have not lost any information compared to the unfolded theory. We

are simply looking at it from a different perspective. But now remember that still the

relation R(A,A′) is imposed on Σ. This is nothing but a boundary condition! Thus,

surface operators in some theory are locally equivalent to boundary conditions in the

folded theory.

Using this trick, one can study certain properties of surface operators in TFTs by

studying boundary conditions in different TFTs.

In special cases, surface operators can be implemented using a Lagrange multiplier

field living on a surface. This is particularly convenient since many features of the

operators can be seen from the classical action. We will pursue this method in section

4.2.
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4. Topological boundary conditions in

U(1)N Chern-Simons theory

In the following sections, we will study surface operators in Chern-Simons theory and

various aspects of their relationship to two-dimensional conformal field theory. Many

aspects of this relationship can be studied classically using only the action of the theory.

Particularly in the abelian theory (which is a free theory) we expect the classical theory

to be a good approximation. In [1], Kapustin and Saulina studied topological boundary

conditions in abelian Chern-Simons theory (which, as we have seen, are equivalent to

surface operators). We will give a short review of their methods and results.

4.1. The boundary term

Let us consider Chern-Simons theory with gauge group G = U(1)N on a 3-manifold M

with boundary Σ. That is, we consider the action

S =
i

4π

∫
M
K(A, dA) (mod 2πi) (4.1.1)

where K is the even symmetric bilinear form mentioned in section 2.2. This theory is

particularly nice since it is a free theory in which many features can be seen classically.

Let us compute the Euler-Lagrange equations for this action. The variation of the action

reads

δS =
i

4π

∫
M
K(δA, dA) +

i

4π

∫
M
K(A, dδA) (4.1.2)

=
i

2π

∫
M
K(δA, dA)−

∫
Σ
K(A, δA) (4.1.3)

The first term gives the familiar equation of motion Kt(dA) = 0, whereas the second

term should not be there. We want the theory to be local which means that boundary

values of A should not affect the equation of motion in the bulk. Thus, we must require

this term to vanish which means that A|Σ should lie in a Lagrangian subspace of the Lie

algebra g = Λ⊗ R with respect to the bilinear form K.
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4. Topological boundary conditions in U(1)N Chern-Simons theory

Due to the restriction of the gauge field to a Lagrangian subspace L ⊂ g the gauge

group will be reduced to a group smaller than U(1)N which has Lie algebra L. The

identity component of this smaller group will be a torus which we think of as L/Λ0 =: TΛ0

for an appropriate sublattice Λ0 ⊂ Λ.

We will denote by P the inclusion of Λ0 into Λ.

4.2. Imposing the condition

It turns out to be convenient and enlightening to use Lagrange multipliers to impose the

boundary condition. Suppose we have chosen a certain Lagrangian sublattice Λ0 ⊂ Λ.

We choose a torus TΦ = (Φ⊗R)/2πΦ, where Φ is a finitely-generated free abelian group

whose rank is half the rank of Λ and a field

ϕ : ∂M → TΦ (4.2.1)

and add a term

i

2π

∫
∂M

V (ϕ, dA) (4.2.2)

to S. ϕ in (4.2.2) is understood to be lifted to Φ ⊗ R and V is a bilinear mapping

(Φ⊗R)×(Λ⊗R)→ R. Several comments are in order.

• First, it does not seem natural to choose a torus-valued field as Lagrange multiplier.

However, we will soon see that this is necessary for gauge invariance.

• Second, we note that for general Σ there might not be a continuous lift of the field

ϕ. To see this, consider the diagram

Σ

Φ⊗R

TΦϕ

π

Since the projection π happens to be a covering map, we can employ the universal

lifting theorem which tells us that there exists a continuous lift if and only if

ϕ∗π1(Σ) ⊂ π∗π1(TΦ). This means ϕ∗π1(Σ) = {1}.

So, in general we cannot expect to obtain a continuous lift but have to accept

discontinuities of ϕ around non-trivial loops in Σ.
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4.3. The boundary gauge group

• Finally, for (4.2.2) to be well-defined modulo 2πi, the matrix V must obey certain

integrality conditions which can be seen as follows. At a discontinuity, the lifted

field ϕ is allowed to jump by 2π times a lattice vector ω of Φ (otherwise the original

field in TΦ would not be smooth). The term (4.2.2) changes by

i

2π

∫
∂M

V (2πω, dA) = i V

(
ω ,

∫
∂M

dA

)
For this to vanish modulo 2πi, the restriction of V to Φ × Λ must take integral

values. Thus, the restricted map V has to be regarded as an element of Hom(Φ,Λ∗).

For (4.2.2) to give the right boundary condition we must have

kerV t = Λ0. (4.2.3)

It is shown in [1] that the boundary gauge group is disconnected if and only if imV is a

proper sublattice of kerP t. If d denotes the order of kerP t/imV then for every u in the

boundary gauge group, ud lies in TΛ0 so the boundary gauge group consists of several

Lagrangian tori in G.

To maintain gauge invariance we need to choose a transformation law ϕ 7→ ϕ+ δϕ as

follows. Under a gauge transformation f such that f |∂M ∈ TΛ0 the bulk action varies

by a boundary term

− i

4π

∫
∂M

K(f, dA). (4.2.4)

The term (4.2.2) varies by
i

2π

∫
∂M

V (δϕ, dA). (4.2.5)

Choose a homomorphism W : Λ0 → Φ satisfying

K|Λ0 = 2VW (4.2.6)

and denote the induced homomorphism between the tori WT : TΛ0 → TΦ. Having found

such a map W , gauge invariance is restored by putting

δϕ = WT (f) (4.2.7)

4.3. The boundary gauge group

The full boundary gauge group now can be obtained as follows. Since the matrix V t :

Λ→ Φ∗ is integral it induces a homomorphism between the tori

V t
T : G→ TΦ∗ (4.3.1)
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4. Topological boundary conditions in U(1)N Chern-Simons theory

(where TΦ∗ is the torus belonging to Φ∗).

Then the boundary gauge group belonging to V is the kernel of V t
T .

Let us demonstrate this at a simple example. Consider a surface operator in U(1) ×
U(1) Chern-Simons theory and take Λ = Z2 and Λ0 = {(n, n)|n ∈ Z}. In this case, we

have

P : Z ↪→ Z2

n 7→ (n, n).

We also choose Φ = Z. With this data given, the surface operator will be fully determined

by a choice of the matrix V in (4.2.2). The matrix V must be chosen such that ker(V t) =

Λ0 which is satisfied by

V (m) = (vm,−vm)

for some integer v dividing the level k. Let us compute ker(P t) now to see when im(V )

is a proper sublattice of it. We have for ξ = (ξ1, ξ2) ∈ Λ∗

〈P t(ξ), n〉 = 〈ξ, P (n)〉

= ξ(n, n)

= ξ1n+ ξ2n

= (ξ1 + ξ2)n

So clearly, ker(P t) = {(ξ1, ξ2) ∈ Λ∗| ξ1 = −ξ2} ∼= {(m,−m)|m ∈ Z}. This shows that

im(V ) is a proper sublattice of ker(P t) if and only if v > 1.

Now, to link this to ker(V t
T ), we have to show that ker(V t

T ) is disconnected if and only

if im(V ) is a proper sublattice of ker(P t) (that is, if and only if v > 1). In face, we will

see that the number of connected components of ker(V t
T ) is v.

The proof of this is a straightforward calculation. Let (x, y) ∈ Λ ⊗ R. We have

V t
T [(x, y)] = [V t

R(x, y)] by definition, where V t
R is the induced map on Λ⊗R. So we have

(x, y) ∈ kerV t
T if and only if

[V t
R(x, y)] = 0 ∈ TΦ∗

⇔ V t
R(x, y) ∈ Φ∗

⇔ 〈V t
R(x, y), ϕ〉 ∈ Z ∀ϕ ∈ Φ

⇔ v · (x− y) · ϕ ∈ Z ∀ϕ ∈ Φ

⇔ v · (x− y) ∈ Z

⇔ [v · (x− y)] = 0 ∈ R/2πZ
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4.3. The boundary gauge group

The set of solutions to this constraint is

{(eix, eiy) ∈ U(1)× U(1) | y = x+ 2π `v , ` ∈ Zv} (4.3.2)

which is isomorphic to U(1) × Zv. This makes it very clear that indeed the number of

connected components of ker(V t
T ) is v.

We will encounter the same phenomenon again when talking about the non-abelian

case.

This ends our review of [1].

23





5. Surface Operators in U(1)

Chern-Simons theory and Conformal

Field Theory

5.1. Classical treatment

Kapustin and Saulina whose results were reviewed in the previous sections have explicitly

shown many features of surface operators in topological field theories. However, they said

little about the relationship to two-dimensional conformal field theory. Many aspects

of this relationship can be seen very explicitly in abelian Chern-Simons theory. We

will now start studying surface operators in U(1) Chern-Simons theory from different

perspectives and compare our results to those cited in the previous sections. So let M

be a closed, oriented 3-manifold and Σ ⊂M a closed oriented surface which we take to

be the support of a surface operator. We could now apply the folding trick and use the

results on boundary conditions from section 4 to learn a lot about them. But to be more

pedagogical, let us try a more direct approach here and make contact with the results

in section 4 in the end.

The gluing condition which defines the surface operator can be implemented either

“by hand” or using a Lagrange multiplier field. We will treat both methods beginning

by the realisation by hand.

5.2. Gluing by hand

Let M be a closed oriented three-manifold and let Σ ⊂M be a closed oriented surface.

We will denote the pieces of M lying on the left resp. on the right of Σ by M1 resp. M2

and consider independent Chern-Simons theories on these pieces (see figure 3.1). The

action is1

S = k
i

2π

∫
M1

A1 ∧ dA1 + k
i

2π

∫
M2

A2 ∧ dA2 (mod 2πi). (5.2.1)

1 In this normalization, k is an arbitrary integer.
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5. Surface Operators in U(1) Chern-Simons theory and Conformal Field Theory

The fields Aj are gauge fields whose curvatures represent integral cohomology classes.

Under a gauge transformation fj : Mj → R/2πZ we have Aj 7→ Aj + dfj and the action

changes by

S 7→ S + k
i

2π

∫
M1

df1 ∧ dA1 + k
i

2π

∫
M2

df2 ∧ dA2 (5.2.2)

= S + k
i

2π

∫
Σ
f1 dA1 − k

i

2π

∫
Σ
f2 dA2 (5.2.3)

= S + k
i

2π

∫
Σ

(f1 dA1 − f2 dA2). (5.2.4)

We will have to make this term vanish modulo 2πi.

Let us now compute the equation of motion for A. The variation of the action is

δS = k
i

2π

∫
M1

(δA1 ∧ dA1 +A1 ∧ dδA1) + ...

= k
i

2π

∫
M1

δA1 ∧ dA1 − k
i

2π

∫
Σ
A1 ∧ δA1 + k

i

2π

∫
M1

δA1 ∧ dA1 + ...

= k
i

π

∫
M1

δA1 ∧ dA1 + k
i

π

∫
M2

δA2 ∧ dA2 + k
i

2π

∫
Σ

(A2 ∧ δA2 −A1 ∧ δA1),

where the ellipses stand for the analogous terms on M2. The first two terms give the

usual equation of motion dAj = 0 but the third term is unwanted because the values of

the gauge fields on a surface should not influence the equation of motion in the bulk. A

natural way to solve this problem is to introduce the gluing condition

A1

∣∣
Σ

= A2

∣∣
Σ
. (5.2.5)

Of course it should not be possible to violate this equation by applying gauge transfor-

mations so we also get the restriction

df1 = df2 on Σ. (5.2.6)

This means that on Σ we do not have the full U(1)× U(1) gauge freedom which would

be generated by f1 and f2 but only a subgroup of it.

Equation (5.2.6) implies f1 − f2 = const =: r on Σ. We want the subgroup generated

by these constrained gauge transformations to be compact which is guaranteed if and

only if r ∈ Q.

Now let us turn to gauge invariance again. We have seen in (5.2.4) that the term

k
i

2π

∫
Σ

(f1 dA1 − f2 dA2) (5.2.7)
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5.3. Lagrange multiplier

should vanish modulo 2πi. Now we can use our conditions (5.2.5) and (5.2.6) to enforce

this. Let us put f1 − f2 = 2π `b with ` ∈ Zb (this suffices since f1 + 2π `+nbb = f1 +

2π `b (mod 2π)). Remembering that we have A1 = A2 on Σ we get

k
i

2π

∫
Σ

(f1 dA1 − f2 dA2) = k
i

2π

∫
Σ

(f1 dA1 − f2 dA1)

= k
i

2π

∫
Σ

(f1 − f2)dA1

=
k`

b
i

∫
Σ
dA1

Since
∫

Σ dA1 ∈ 2πZ for closed surfaces Σ we obtain the constraint

k`

b
∈ Z (5.2.8)

which is equivalent to b|k.

Thus, we have found that the gauge groups which can be produced by surface operators

are in correspondence with divisors b of the level k and are isomorphic to U(1)× Zb.

5.3. Lagrange multiplier

Now let us try a different method. We want to implement the condition A1 = A2 on Σ

by adding a Lagrange multiplier term to the action which enforces the condition. The

canonical choice for such a term would be as follows. Take a 1-form ϕ ∈ Ω1(Σ) and add

the term
i

4π

∫
Σ
ϕ ∧ (A1 −A2) (5.3.1)

to the action (5.2.1). However, using this term it is not possible to make the action

gauge invariant. In fact, the term itself is not even well-defined since the fields Aj are

only defined locally on Σ but not globally (if the bundle is not trivial).

Therefore, it seems to be a better choice to take a 0-form ϕ : Σ→ R and add the term

− i

2π

∫
Σ
v ϕ(dA1 − dA2) (5.3.2)

to S (v is a parameter specifying the surface operator). The equation of motion for ϕ

gives the constraint

dA1 = dA2 on Σ. (5.3.3)

Locally (that is, on simply connected open subsets of Σ) this implies that A1−A2 = df for

some function f . But this means that A1 and A2 only differ by a gauge transformation!
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5. Surface Operators in U(1) Chern-Simons theory and Conformal Field Theory

We can now define a sensible gluing condition on Σ by gauging such that A1 = A2 on

some small open subset of Σ and then restricting gauge transformations to those leaving

the equation A1 = A2 invariant. Of course, these gauge transformations are precisely

those for which df1 = df2. This is familiar from (5.2.6).

Note that the action has a symmetry under ϕ 7→ ϕ + 2π`
v . Thus, we may consider ϕ

to be the lift of a map ϕ̃ : Σ→ R
/

2πxZ if x is chosen such that vx ∈ Z.

Let us turn to gauge invariance. From df1 = df2 it follows that only gauge transforma-

tions of the form (f, f+c) with c = const are allowed on Σ. Under such a transformation

the bare action (5.2.1) changes by

∆S = k
i

2π

∫
Σ
f(dA1 − dA2)− k i

2π

∫
Σ
c dA2 (5.3.4)

(note that f2 = f1+c holds only on Σ). The first term can be cancelled by an appropriate

choice of transformation law for ϕ. Let2 ϕ 7→ ϕ+ k
vf . This gives us a term

−vk
v

i

2π

∫
Σ
f(dA1 − dA2). (5.3.5)

which precisely cancels the first term in (5.3.4). The second term cannot be cancelled by

ϕ. In fact, requiring this term to vanish modulo 2πi gives us the constraint that c = 2π ab
where b|k.

A close look at the action shows that we have got some symmetry left. Taking ϕ 7→
ϕ+ k

vf + 2π `v for some ` ∈ Zv and using the fact that the dAi have integral periods, we

see that this transformation law leaves S invariant, too.

We can use the gauge transformation f to get further restrictions on the parameters v

and x. Since f is only defined modulo 2π the gauge variation δϕ should be well defined

modulo 2πx if we replace f by f + 2π. Apparently,

δϕ 7→ δϕ+ 2π
k

v
(5.3.6)

under f1 7→ f + 2π, so we need 2π kv = 2πmx for some m ∈ Z. Since vx ∈ Z, this gives

us a decomposition of k into a product of integers: k = m · (vx). In particular, if we

make the choice of basis x = 1, we get the constraints

v ∈ Z, v|k. (5.3.7)

A consistent way to solve all this is putting c = 2π `v which shows that the gauge group

on Σ is {
(u, u+ 2π `v )

∣∣∣u ∈ U(1), ` ∈ Zv
}
∼= U(1)× Zv (5.3.8)

2 This transformation law for ϕ shows that it was actually necessary to consider ϕ as a lift of a S1-valued

field, since f is itself such a lift.
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5.4. The compactified free Boson

Remembering that we can interpret the boundary condition in this theory as a surface

operator in a U(1) Chern-Simons theory we see that the surface operator creates a

Zv-orbifold of the original theory. This is in fact another point where the relation to

conformal field theory becomes obvious. The conformal field theory created by the

surface operator defined by v ∈ Z creates a Zv-orbifold of the theory created by the

trivial surface operator. We will see this explicitly in the next section.

We want to rephrase and emphasize the above results as follows.

Given some integer v, the group U(1)× Zv can only appear as the boundary gauge

group of the above theory if the level k is a multiple of v.

This insight will be important later.

5.4. The compactified free Boson

A surface operator in U(1) Chern-Simons theory at level k corresponds rational3 û(1)

free boson theory (which is the only rational c = 1 theory with current algebra û(1)).

The fields of this theory take values on a circle of radius R. For an introduction to the

free Boson CFT, see e.g. [15] or [16]. We will now derive a specific representation for

the Hilbert space of this theory. In general, the Hilbert space takes the following form

H =
⊕
Qi,Q̄i

VQi ⊗ VQ̄i , (5.4.1)

where (Qi, Q̄i) takes values in an even, self-dual lattice Γ called the charge lattice. For

a given compactification radius R, this lattice can be parametrized as follows

Γ =

{
1√
2

( n
R
−mR, n

R
+mR

) ∣∣∣m,n ∈ Z
}
. (5.4.2)

Thus, from now on we will use the notation

Qnm =
1√
2

( n
R
−mR

)
, Q̄nm =

1√
2

( n
R

+mR
)

(5.4.3)

Obviously, this theory is not rational with respect to û(1), since we are summing over

infinitely many modules. However, if the squared radius R2 is rational, the theory turns

out to be rational with respect to a larger symmetry algebra as we will show now.

3 A conformal field theory with Hilbert space H =
⊕
i,j∈I

NijVi ⊗ V̄j is called rational if I is a finite set.
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5. Surface Operators in U(1) Chern-Simons theory and Conformal Field Theory

Suppose, we have R2 = p
q with p, q ∈ Z coprime. Then, Qnm and Q̄nm can be written

as

Qnm =
1√
2pq

(nq −mp) , Q̄ =
1√
2pq

(nq +mp) (5.4.4)

and H takes the form

H =
⊕
n,m∈Z

V 1√
2pq

(nq−mp) ⊗ V 1√
2pq

(nq+mp). (5.4.5)

Now, let n = ñ+ pN and m = m̃+ qM , with ñ ∈ Zp, m̃ ∈ Zq and M,N ∈ Z. In terms

of these new variables, H takes the form

H =
⊕

ñ∈Zp,m̃∈Zq
M,N∈Z

VQ̃MN
ñm̃
⊗ V ˜̄QMN

ñm̃
, (5.4.6)

with

Q̃MN
ñm̃ =

1√
2pq

(ñq − m̃p+ pq(N −M)), (5.4.7)

˜̄QMN
ñm̃ =

1√
2pq

(ñq + m̃p+ pq(N +M)). (5.4.8)

Putting A = N −M and B = N +M , we can write this as

H =
⊕
ñ∈Z2p

m̃∈Zq
A,B∈Z

V 1√
2pq

(ñq−m̃p+2pqA) ⊗ V 1√
2pq

(ñq+m̃p+2pqB) (5.4.9)

=
⊕
ñ,m̃

(⊕
A∈Z
V 1√

2pq
(ñq−m̃p+2pqA)

)
︸ ︷︷ ︸

=:Vext
ñq−m̃p√

2pq

⊗

(⊕
B∈Z
V 1√

2pq
(ñq+m̃p+2pqB)

)
︸ ︷︷ ︸

=:V ext
ñq+m̃p√

2pq

(5.4.10)

=
⊕
ñ,m̃

Vext
ñq−m̃p√

2pq

⊗ V ext
ñq+m̃p√

2pq
, (5.4.11)

where it is understood that we take ñq−m̃p modulo 2pq. Now, we have managed to write

H as a sum over finitely many modules. We call these new modules the extended modules

since they have a larger symmetry algebra than the ones we began with. With respect

to this algebra, the theory is rational. Note that in the above we have ñq − m̃p ∈ Z2pq

and ñq + m̃p ∈ Z2pq

We can perform one more manipulation to bring the Hilbert space into a nicer form.

Since p and q are coprime, the Bézout identity tells us that we can find integers M,N

such that qM − pN = 1. Now, put

α := qM + pN (mod 2pq). (5.4.12)
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5.4. The compactified free Boson

A quick calculation shows that α(qm− pn) = qm+ pn (mod 2pq) and α2 = 1 (mod 2pq).

Thus, multiplication by α is an automorphism of Z2pq and we can write

H =
⊕
a∈Z2pq

Vext
a√
2pq
⊗ V ext

αa√
2pq
. (5.4.13)

We can already smell the relationship to Chern-Simons theory. The group Z2pq appear-

ing here labels the different vacua of the theory, or equivalently, the different primary

vertex operators. Now recall that in section 2.3 we mentioned that primary fields in

CFT correspond to line operators in Chern-Simons theory. These are classified by the

discriminant group (see section 3.1) of abelian Chern-Simons theory which for given level

k happens to be D = Z2k (see section 3.1.1).

Thus, p and q are divisors of k specifying the CFT which belongs to some surface

operator. But this situation is familiar! In section 5.1, we learned that surface operators

in U(1) Chern-Simons theory are characterized by two integers v and w dividing k.

Remark: In the above computations, we took p and q to be coprime. This is convenient

but not necessary. We could as well have given them some common factor α. For the

CFT, p and q not being coprime means losing symmetry. Indeed, if we replace p 7→ αp

and q 7→ αq in (5.4.9), we see that the extended modules become smaller and can

therefore shelter only a representation of a smaller symmetry algebra.

5.4.1. Zq Orbifold of the free Boson

In section 5.3 we mentioned that a surface operator in U(1) Chern-Simons theory creates

a Zv orbifold of the theory. From the correspondence described in the previous section

we expect to be able to see this in the two-dimensional theory. Indeed, we will now show

that the free Boson theory defined by two integers p, q with pq = k is a Zq orbifold of

the theory defined by q = 1, p = k (which corresponds to the trivial surface operator).

To see this, consider the Hilbert space (5.4.13) for q = 1, p = k. In this case, we have

nq −mp = nq +mp (mod 2k) and so H is the diagonal Hilbert space

H =
⊕
a∈Z2k

Vext
a√
2k
⊗ V ext

a√
2k
. (5.4.14)

On this space, define a Zq-action as follows. Let the generator ρ act via

ρ(x⊗ y) = e−
2πi
2k

(a−αb)x⊗ y for x⊗ y ∈ Vext
a√
2k
⊗ V ext

b√
2k
, (5.4.15)

where α is the automorphism of Z2k defined in (5.4.12). That this is indeed a Zq-action

on H can be seen as follows. For x ⊗ y in the diagonal Vext
a√
2k

⊗ V ext
a√
2k

, the action of ρ
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5. Surface Operators in U(1) Chern-Simons theory and Conformal Field Theory

becomes

ρ = e−
2πi
2k

(1−α)a. (5.4.16)

Now, remember that we had α = qM + pN with qM − pN = 1 in Z2k. Thus, we have

1− α = qM − pN − (qM + pN)

= −2pN.

This shows that if we apply ρ q times, we get the identity operator

ρq = e−
2πi
2k

(1−α)aq

= e2πi 2Napq
2k

= 1,

since pq = k.

We are going to determine the orbifold of this theory with respect to this group action.

To do this, we will first have to determine the twisted sectors introduced by the action

and then sort out those which transform trivially.

Twisted sectors. To get the twisted sectors, consider the `-twisted torus partition

function with ρ` inserted

TrH(qL0− 1
24 q̄L̄0− 1

24 ρ`) (5.4.17)

This is nothing but the S transform of the partition function of the `-twisted Hilbert

space

Z` = TrH`(q
L0− 1

24 q̄L̄0− 1
24 ), (5.4.18)

where H` denotes the `-twisted Hilbert space. Thus, we have

Z` = S
(

TrH(qL0− 1
24 q̄L̄0− 1

24 ρ`)
)

= S
( ∑
a∈Z2k

χa(q)χ̄a(q̄)e
− 2πi

2k
(1−α)a

)
.

The S-transformation of one single character χa has been computed in [17] to be

S(χa(τ)) =
1√
2k

∑
b∈Z2k

e
2πi
2k
abχb(τ). (5.4.19)

Thus, we have

S
( ∑
a∈Z2k

χa(q)χ̄a(q̄)e
2πi
2k

(α−1)a`
)

=
1

2k

∑
a

∑
b,c

e2πi a
2k

(b−c)e−2πi
`(1−α)a

2k χb(τ)χ̄c(τ̄)

=
1

2k

∑
a

∑
b,c

e2πi a
2k

(b−c−`(1−α))χb(τ)χ̄c(τ̄).
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Using the identity
∑

a∈Z2k

e2πi a
2k
b = 2k δb0, this becomes

∑
b

χb χ̄b−`(1−α).

Hence, the twisted Hilbert space is

H` =
⊕
a∈Z2pq

Vext
b√
2pq

⊗ V ext
b−`(1−α)√

2pq
. (5.4.20)

Sorting out the vacuum representation. Of all these twisted Hilbert spaces, we

now project onto those which are invariant under our Zq-action. For Vext
b√
2pq

⊗ V ext
b−`(1−α)√

2pq

to transform trivially under ρ, one needs b−α(b− (1−α)`) = 0), i.e. (1−α)` = (1−α)b

(recall that α2 = 1). Thus, the Hilbert space of the orbifold theory is

Horb = P
(⊕
`∈Zq

H`
)

(5.4.21)

=
⊕
b∈Z2k

Vext
b√
2pq

⊗ V ext
b−(1−α)b√

2pq
(5.4.22)

=
⊕
b∈Z2k

Vext
b√
2pq

⊗ V ext
αb√
2pq
, (5.4.23)

where P denotes the projection on the invariant subspace. Comparing this to (5.4.13), we

see that the orbifold procedure gave us precisely the same result as the surface operator

characterized by q ∈ Z.

5.5. The Fusion of Surface Operators

As we have seen, in some theories surface operators can be described by adding a La-

grange multiplier term to the action which implements the gluing condition. This turns

out to be quite convenient since these surface operators can be studied very explicitly.

However, there are only few examples where this description is possible, such as abelian

Chern-Simons theory. Here, the existence and monoidal structure have successfully been

described using Lagrange multipliers by Kapustin and Saulina [6, 1]. Parts of their results

were reviewed in section 4.2. They found that surface operators in U(1) Chern-Simons

theory can essentially be characterized by divisors of the level k and showed that if v and

v′ are divisors of k with corresponding surface operators Sv and Sv′ , then their fusion is

given by the following formula

Sv ◦ Sv′ = GSv′′ , (5.5.1)
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where G = gcd(v, v′, kv ,
k
v′ ) and v′′ = lcm(gcd(v, kv′ ), gcd(v′, kv )).

We can get a glimpse of the rules for fusing surface operators from the above consid-

erations. However, it does not seem possible to obtain the full fusion law (5.5.1) with

our purely classical considerations.

But let us see how far we get. Suppose we have two surface operators supported on

surfaces Σ1 and Σ2. Let us call the pieces into which M is divided M1,M2 and M3. The

surface operators will impose the constraints

f2 = f1 + 2π
`

v
, f3 = f2 + 2π

`′

v′
. (5.5.2)

If we fuse the surfaces Σ1 and Σ2, the above equations must hold on the merged surface

and we can eliminate f2 from them to obtain

f3 = f1 + 2π
`

v
+ 2π

`′

v′
.

= f1 + 2π
`v′ + `′v

vv′

= f1 + 2π
`′′ gcd(v, v′)

vv′

= f1 + 2π
`′′

lcm(v, v′)
,

where we have used Bezout’s identity in the third line. This suggests that the fusion

of two surface operators characterized by the integers v and v′ is the surface operator

belonging to lcm(v, v′).

We know from (5.5.1) that this cannot be the whole truth. It is simply too weak

a restriction as we can see by noting that lcm(gcd(v, k/v′), gcd(v′, k/v)) is a divisor of

lcm(v, v′) and therefore{
`

lcm(gcd(v, k/v′), gcd(v′, k/v))
(mod 1)

}
⊂
{

`

lcm(v, v′)
(mod 1)

}
(5.5.3)

so the actually correct values appear among those found by us.

In the next section, we will attempt to rederive formula (5.5.1) from a different point

of view.

As indicated in sections 2.3 and 3.2, surface operators in Chern-Simons theory create

two-dimensional conformal field theories. It suggests itself that one should be able to

describe the fusion of two surface operators in two-dimensional terms. In the following

we will do this for U(1) Chern-Simons theory and compare our results to those in [6].
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5.6. Fusion from the two-dimensional point of view

5.6. Fusion from the two-dimensional point of view

5.6.1. p, q Coprime

The partition function of the above theory takes the form

Z =
∑

a∈Z2pq

χa(q)χ̄αa(q̄), q = e2πiτ

=
∑

a,b∈Z2pq

δb,αaχa(q)χ̄b(q̄).

for which we can define the coefficient matrix Nab := δb,αa.

Now, if we take two surface operators in the three-dimensional theory and fuse them,

the coefficient matrix of the CFT corresponding to the fused surface operator4 is expected

to be the product of the coefficient matrices of the two former CFTs [18]. Let us compute

that.

We take a free boson CFT with radius R =
√

p
q with p, q coprime and pq = k and

another one with radius R′ =
√

p′

q′ with p′, q′ coprime and p′q′ = k (note that both CFTs

have the same k).

Choose M,N,M ′, N ′ such that qM − pN = q′M ′ − p′N ′ = 1 and put α = qM + pN

β = q′M ′ + p′N ′. The product of the coefficient matrices is

NacN
′
cb = δαa,cδβc,b = δβαa,b. (5.6.1)

To get the radius for the fused CFT, we have to bring the product βα into the form

βα = q′′M ′′ + p′′N ′′ (5.6.2)

with M ′′, N ′′ satisfying q′′M ′′ − p′′N ′′ = 1. We calculate

βα = (q′M ′ + p′N ′)(qM + pN)

= qq′MM ′ + pp′NN ′ + qp′MN ′ + pq”NM ′

= qq′MM ′ +
k

q

k

q′
NN ′ + q

k

q′
MN ′ +

k

q
q′NM ′,

where in the last line we have eliminated the p’s to make a connection in notation to

Chern-Simons theory. Now, we define

q′′ := lcm
(

gcd(q, kq′ ), gcd(q′, kq )
)

(5.6.3)

4 Henceforth referred to as the fused CFT.
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and

M ′′ := 1
q′′

(
qq′MM ′ + k

q
k
q′NN

′
)

(5.6.4)

N ′′ := q′′

k

(
q kq′MN ′ + k

q q
′NM ′

)
(5.6.5)

With these definition, the equation βα = q′′M ′′ + k
q′′N

′′ is manifest. We need to check:

1. M ′′ is an integer

2. N ′′ is an integer

3. The above defined quantities satisfy q′′M ′′ − k
q′′N

′′ = 1

Proof.

1. From the general formula lcm(a, b) · gcd(a, b) = a · b it follows that

q′′ =
gcd(q, kq′ ) gcd(q′, kq )

gcd(gcd(q, kq′ ), gcd(q′, kq ))
. (5.6.6)

The denominator is 1, since q and k
q were assumed to be coprime. Now note that

the product gcd(q, kq′ ) gcd(q′, kq ) is contained as a factor in qq′ as well as in k
q
k
q′ , so

one can take it out of the parenthesis and M ′′ stays an integer.

2. We consider the first term in N ′′:

q′′

k
q
k

q′
= q′′

q

q′
. (5.6.7)

It suffices to show that this an integer (the treatment of the second term is analo-

gous). We have

q′′
q

q′
=
q

q′

gcd(q, kq′ ) gcd(q′, kq )

gcd(gcd(q, kq′ ), gcd(q′, kq ))

=
q

q′

q′ kq

lcm(q′, kq )

gcd(q, kq′ )

gcd(q, kq′ , q
′, kq )

=
k

lcm(q′, kq )
·

gcd(q, kq′ )

gcd(q, kq′ , q
′, kq )

The second factor is manifestly an integer. But the first one is an integer, too,

since q′ and k
q divide k an therefore lcm(q′, kq ) divides k.
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5.6. Fusion from the two-dimensional point of view

3. This is a straightforward calculation. We have

q′′M ′′ − k
q′′N

′′ = qq′MM ′ +
k

q

k

q′
NN ′ − q k

q′
MN ′ − k

q
q′NM ′

= qM(q′M ′ − k
q′N

′) + k
qN( kq′N

′ − q′M ′)

= qM − k
qN

= 1

The result (5.6.3) coincides precisely with that of Kapustin and Saulina in [6] (compare

to equation (5.5.1) and note that G = 1 if v and k
v are coprime).

In total, the Hilbert space of the fused theory reads

H′′ =
⊕

a,b∈Z2k

δb,βαaVext
a√
2pq
⊗ V ext

b√
2pq
. (5.6.8)

5.6.2. The non-coprime case

The result (5.6.3) is nice, but somewhat unsatisfactory. Although it agrees with (5.5.1),

it only covers the case of the divisors of k being coprime. But from the three-dimensional

point of view there is no apparent reason why this restriction should be made and indeed,

formula (5.5.1) holds for any two divisors of k, regardless of their greatest common

divisor. Thus, we should be able to derive this formula also if p and q are not coprime. So

let us start again in the following setting. We want to fuse two surface operators in U(1)-

Chern-Simons theory at level k whose related CFTs are CFT1 and CFT2, respectively.

We take CFT1 to be specified by the integers p, q with g := gcd(p, q) not necessarily

equal to one and CFT2 to be specified similarly by p′, q′, g′. Since both CFTs belong to

Chern-Simons theories at level k, we require pq = p′q′ = k.

The Hilbert spaces of both CFTs still take the form (5.4.11). In particular, we have

nq − mp ∈ Z2k and nq′ − mp′ ∈ Z2k. The difference to the case before is that now

nq −mp is always a multiple of g and nq′ −mp′ is always a multiple of g′. This has the

consequence that now we cannot construct an automorphism α anymore which sends

nq−mp to nq +mp and thus it is not as easy as before to write the Hilbert spaces in a

nice form with a coefficient matrix Nab.
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Resolving redundancy. Let us start by working out the form of the coefficient matrix

of CFT1. That is, we want to find a matrix Nab such that we can write

H =
⊕
n∈Z2p

m∈Zq

Vext
nq−mp√

2k

⊗ V ext
nq+mp√

2k
(5.6.9)

=
⊕

a,b∈Z2k

Nab Vext
a√
2k
⊗ V ext

b√
2k
. (5.6.10)

Let a = nq − mp ∈ Z2k be fixed. If p and q were coprime, this would fix m and n

uniquely. But now that g 6= 1 is possible, we have to find out how many m,n there are

such that nq −mp = a.

So let m0, n0 be fixed such that n0q −m0p = a. It is clear that a transformation

n0 7→ n0 + x, m0 7→ m0 + y (5.6.11)

leaves a invariant if and only if

xq − yp = 0 (mod 2k) (5.6.12)

(of course, we take x ∈ Z2p, y ∈ Zq). This is equivalent to

xq − yp = 2pqv for some v ∈ Z

⇒ q divides yp

⇒ q divides yg

This suggests to put y = w q
g =: wq̃ with w ∈ Zg. Then we have

xq = 2pqv + wq̃p

⇔ x = 2pv + w
p

g

≡ wp
g

=: wp̃

This takes us a big step forward. The pairs (n,m) leaving a invariant are exactly given

by (n0 + wp̃,m0 + wq̃) with w ∈ Zg.
Of course, the same reasoning can be applied to our second CFT to obtain (x′, y′) =

(w′p̃′, w′q̃′) with w′ ∈ Zg′ .
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5.6. Fusion from the two-dimensional point of view

Matrix product. To determine the matrix product NacN
′
cb, we have to determine all

c belonging to the same a. That is, we have to find all nq+mp if nq−mp = a. But this

is a simple calculation. Let a = n0q −m0p and denote c0 = n0q +m0p. Then we have

a = (n0 + wp̃)q − (m0 + wq̃)p  c = (n0 + wp̃)q + (m0 + wq̃)p

= c0 + w
2k

g
.

This makes it clear that the matrix Nab will not have the form δb,αa anymore but will

rather be a sum of Kronecker symbols.

Homomorphism α. We already noted that it is not possible anymore to find an

automorphism α of Z2k sending nq −mp to nq + mp. However, we can do something

which is almost as good. Since g is the greatest common divisor of p and q, we can find

integers M,N such that Nq −Mp = g. If we now define

ᾱ := Nq +Mp, (5.6.13)

we obtain a homomorphism of the subgroup Z 2k
g

of Z2k consisting of multiples of g. This

homomorphism has the property

ᾱ(nq −mp) = g(nq +mp) (mod 2k). (5.6.14)

Note that this is actually a multiple of g2. Let us denote by Z 2k
g2

the subgroup of Z2k

consisting of multiples of g2. Now define

Dg : Z 2k
g2
→ Z2k;

x 7→ x
g

and

α := Dg ◦ ᾱ (5.6.15)

This way we obtain a homomorphism with the desired property α(nq−mp) = (nq+mp).

The price we have paid is that α does not hit every element of the form gx anymore,

but only those of the form Dg(g
2x). As we will see, this is not a problem.

Using the map α, we are finally able to write the coefficient matrix as5

Nac =
∑
w∈Zg

δc,αa+w 2k
g
. (5.6.16)

We see that the sum over w exactly takes care of the fact that α does not hit all elements

of the form gx.

5 It is understood that Nac = 0 whenever a or c are not multiples of g.
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Matrix product again. Now that we have an explicit form for the coefficient matrix,

the rest of the calculation is straightforward. The product of N and N ′ is

N ′′ab := NacN
′
cb =

∑
c

∑
w∈Zg
w′∈Zg′

δc,αa+w 2k
g
δb,βc+w′ 2k

g′
, (5.6.17)

where β = Dg′ ◦ β̄ is defined similar to α in terms of q′, p′. The product of deltas is

nonzero only if

a, b ∈ Z 2k
g
∩ Z 2k

g′
∼= Z 2k

g′′
, (5.6.18)

where g′′ = lcm(g, g′), and

b = β

(
αa+ w

2k

g

)
+ w′

2k

g′

= βαa+ βw
2k

g
+ w′

2k

g′

So we can rewrite (5.6.17) as

N ′′ab =
∑
w∈Zg
w′∈Zg′

δb,βαa+βw 2k
g

+w′ 2k
g′
. (5.6.19)

It is clear from the definition of β that it does not make a difference weather we let the

sum run over w or over βw, so we can write

N ′′ab =
∑
w∈Zg
w′∈Zg′

δb,βαa+w 2k
g

+w′ 2k
g′
. (5.6.20)

Redundancy again. Since the index of the Kronecker symbol lies in a cyclic group,

we can again remove some redundancy. The summand in (5.6.20) does not change if

w
2k

g
+ w′

2k

g′
= 0 (mod 2k) (5.6.21)

We can use the same reasoning as the one following (5.6.12) to quantify the redundancy.

w
2k

g
+ w′

2k

g′
= 2kv ⇒ wg′ + w′g = vgg′

⇒ g′ divides Gw′,
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5.6. Fusion from the two-dimensional point of view

where G = gcd(g, g′) = gcd(p, q, p′, q′). So let us put Gw′ =: ug′ for suitable u ∈ ZG.

Inserting this, we get

wg′ + u
g′

G
g = vgg′

⇒ wg′ = vgg′ − ugg
′

G

≡ −ugg
′

G

= −ug′′

Because of this ZG-redundancy, we might as well include a factor G in (5.6.20) and let

the sums run over a smaller domain:

N ′′ab =
∑
w∈Z g

G

∑
w′∈Z g′

G

G · δb,βαa+w 2k
g

+w′ 2k
g′
. (5.6.22)

The final manipulation we can make to bring N ′′ into a nice form is analogous to what

we did to get from (5.4.11) to (5.4.13). We write

w
2k

g
+ w′

2k

g′
=

(
w
g′

G
+ w′

g

G

)
2k

g′′
(5.6.23)

and note that the first factor on the right hand side is defined modulo g′′, so instead of

summing over all w,w′ we might as well include a term w′′ 2kg′′ and sum over all w′′ ∈ Zg′′ .
This brings N ′′ into its final form

N ′′ab =
∑

w′′∈Zg′′

Gδb,βαa+w′′ 2k
g′′

(5.6.24)

Finally, we note that the product βα is defined on the subgroup Z 2k
g′′
⊂ Z2k. Since it

is essentially given by the same numbers as in the case when p and q were coprime, an

analogous calculation to the one in section 5.6.1 gives the same expression for q′′ as before.

Furthermore, it was proven in the appendix of [6] that one indeed has gcd
(
q′′, kq′′

)
= g′′

which is needed for the above expressions to be consistent.

The result (5.6.24) of course confirms that of Kapustin and Saulina (5.5.1). We ob-

tained the very same integers classifying the fused CFT as they did to classify the fused

surface operator.

Extended modules. The extended modules of the fused CFT take the form

V ′′ext
nq′′−mp′′√

2k

=
⊕
A∈Z
V 1√

2k
(nq′′−mp′′+2kA) (5.6.25)
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and an analogous expression for V ′′ext
. We are finally able to write down the Hilbert

space of the fused theory which is

H′′ =
⊕

a,b∈Z2k

N ′′ab V ′′ext
a√
2k
⊗ V ′′ext

b√
2k
. (5.6.26)

Remarks: We have seen that the fusion of Surface Operators in Chern-Simons theory

leads to a pairing which takes two CFTs and turns them into a new one. One might hope

to obtain a nice product structure on the space of CFTs. However, there is the issue

that the product obtained above depends not only on the Hilbert space of the conformal

field theory, but also on the way we decompose it into extended modules. This is not

surprising, since the CFT does not determine the Chern-Simons theories on both sides

of the surface operator. Under a rescaling (p, q) 7→ (αp, αq) the radius of the CFT stays

the same, but the level of the corresponding Chern-Simons theory changes as k 7→ α2k.

But, of course, a product on the space of CFTs should only depend on the CFT itself

and not on the way we write it down.

In fact, to the author’s knowledge there is no way to turn the above assignment into a

sensible product structure. The most promising starting point for doing so seems do be

defining the product for non-rational CFTs (since this avoids the appearance of certain

infinities). However, this attempt fails. The basic problems are outlined in Appendix B.

5.7. Wilson lines and Primary Operators

In this last subsection we want to investigate how the discrete part of the gauge group

in (4.3.2) can be seen in the two-dimensional theory by studying the transformation

behaviour of certain operators under this group.

We have already seen that a surface operator in U(1) Chern-Simons theory creates a

û(1)-CFT. A particular feature of this correspondence which has been known for some

time is that primary operators in the CFT correspond to Wilson lines in Chern-Simons

theory which pierce the surface operator [3, 6].

Let us first investigate the Symmetry in the CFT. The decomposition (5.4.11) of the

Hilbert space makes it clear that the antidiagonal U(1)

Upq := exp

(
2πi

Q− Q̄√
2pq

)
(5.7.1)

(where the Q’s are given by (5.4.4)) creates a Zq-symmetry of the theory (note that this

is precisely the same operator as the one in section 5.4.1). Explicitly, this operator acts
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on a state |Q〉 ⊗ |Q̄〉 by

|Q〉 ⊗ |Q̄〉 7→ exp
(

2πi Q√
2pq

)
|Q〉 ⊗ exp

(
−2πi Q̄√

2pq

)
|Q̄〉 (5.7.2)

Remembering that the vacua of the Fock modules can be obtained from the absolute

vacuum by applying a vertex operator |Q〉 = VQ(0)|0〉, we see that on vertex operators

VQ ⊗ VQ̄, Upq acts via

VQ ⊗ VQ̄ 7→ exp
(

2πi Q√
2pq

)
VQ ⊗ exp

(
−2πi Q̄√

2pq

)
VQ̄ (5.7.3)

= exp

(
2πi

Q− Q̄√
2pq

)
VQ ⊗ VQ̄ (5.7.4)

= exp

(
−2πi

m

q

)
VQ ⊗ VQ̄. (5.7.5)

Clearly, applying this operator q times gives the identity. Therefore, we have identified

a Zq-symmetry in the theory which acts on vertex operators by multiplication with

exp
(
−2πimq

)
.

Now let us turn to the three-dimensional theory. From the previous considerations

we expect that q ↔ v and p ↔ k
v . In other words, this means that the trivial surface

operator (that is, v = 1) corresponds to the diagonal free Boson CFT. In fact, if we

put q = 1, we have
√

2kQ = n + mk and
√

2kQ̄ = n −mk which are equal modulo 2k.

Therefore, the representation (5.4.11) is diagonal in this case.

With this expectation in mind, let us see how Wilson lines transform under the discrete

part of the boundary gauge group. Let

WX(A) = exp

(∫
γ
X(A)

)
= exp

(
i

∫
γ1

X1A1 + i

∫
γ2

X2A2

)
(5.7.6)

be a Wilson line. In our case, X1, X2 are integers (see section 3.1 for details) and γ1 and

γ2 are curves meeting at a point x ∈ Σ.

Now, let f1, f2 be gauge transformations such that (f1|Σ, f2|Σ) = (0, 2π `v ) (i.e. taking

values in the discrete part only) and let A′ be the gauge transformed connection. Then,

near the point x, we have∫
γ
X(A)−

∫
γ
X(A′) =

∫
γ1

X1df1 +

∫
γ2

X2df2

= X1f1(x) +X2f2(x)

= X2 2π
`

v

Therefore, a Wilson line with charge (X1, X2) transforms as

WX(A) 7→WX(A) eX22πi `
v (5.7.7)
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This is the three-dimensional analogue to (5.7.5). We see that indeed v ↔ q and we

can even see finer details of the correspondence WX(A)↔ VQ ⊗ VQ̄: both operators are

characterized by a pair of integers (n,m in the 2d case and X1, X2 in the 3d case) and

the transformation law (5.7.7) shows that X2 ↔ m. At first glance, the number ` in

(5.7.7) does not seem to have an obvious counterpart in the 2d theory, but of course this

corresponds to the number of times we apply the operator Upq.
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Now we will take up the issue of boundary conditions in non-abelian Chern-Simons

theory .

6.1. The boundary term

First we compute the boundary contribution to the equation of motion. Recall that the

Chern-Simons action in the non-abelian case reads

S =
k

8π2

∫
M

Tr
(
A ∧ dA+

2

3
A ∧A ∧A

)
(mod 1). (6.1.1)

The variation of the action is straightforwardly computed as follows. Take a path As of

connections and note that for each t the collection of all As forms a connection A on the

cylinder [0, t]×M whose curvature is F = Fs + ds∧ Ȧs (where Fs denotes the curvature

of As).

Since [0, t]×M bounds the manifold ({0} ×M) ∪ ({t} ×M) ∪ ([0, t]× ∂M), we have

S(At)− S(A0) + S
(
A
∣∣
[0,t]×∂M

)
= S

(
A
∣∣
∂([0,t]×M)

)
(6.1.2)

=
k

8π2

∫
[0,t]×M

F ∧ F (6.1.3)

from which we compute the variation to be

δS =
d

dt

∣∣∣∣
t=0

S(At) =
d

dt

∣∣∣∣
t=0

S
(
A
∣∣
∂([0,t]×M)

)
− d

dt

∣∣∣∣
t=0

S
(
A
∣∣
[0,t]×∂M

)
(6.1.4)

=
k

8π2

d

dt

∣∣∣∣
t=0

∫
[0,t]×M

F ∧ F (6.1.5)

− k

8π2

d

dt

∣∣∣∣
t=0

∫
[0,t]×∂M

Tr
(
As ∧ d(As) +

2

3
As ∧As ∧As

)
(6.1.6)

= 2
k

8π2

d

dt

∣∣∣∣
t=0

∫ t

0
ds

∫
M

Tr
(
Fs ∧ Ȧs

)
(6.1.7)

− k

8π2

d

dt

∣∣∣∣
t=0

∫
[0,t]×∂M

Tr
(
As ∧ [(d|A)s + Ȧs ∧ ds]

)
, (6.1.8)
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where d| denotes the exterior derivative on ∂M and the last term in (6.1.6) vanishes for

dimensional reasons since for each s the form As ∧ As ∧ As is a 3-form on ∂M . So we

have

δS = 2
k

8π2

∫
M

Tr
(
F0 ∧ Ȧ0

)
(6.1.9)

− k

8π2

d

dt

∣∣∣∣
t=0

∫ t

0
ds

∫
∂M

Tr
(
As ∧ Ȧs

)
(6.1.10)

= 2
k

8π2

∫
M

Tr
(
F0 ∧ Ȧ0

)
− k

8π2

∫
∂M

Tr
(
A0 ∧ Ȧ0

)
. (6.1.11)

which by physicists is usually written

δS = 2
k

8π2

∫
M

Tr
(
F ∧ δA

)
− k

8π2

∫
∂M

Tr
(
A ∧ δA

)
. (6.1.12)

The first term gives the usual equation of motion F = 0 and the second term gives a

boundary contribution which we require to vanish in order to maintain locality. A close

look at (6.1.12) shows that the boundary term is exactly the same as in the abelian

theory which means that we will have to make the same requirement: the gauge field A

must lie in a Lagrangian subspace of the Lie algebra with respect to the invariant form Tr.

This result immediately raises two new questions. First, which Lagrangian subspaces

are there and second, what are the corresponding boundary gauge groups. We will

address these questions in the interesting special case of SU(2) × SU(2) Chern-Simons

theory which as we already explained tells us something about surface operators in the

SU(2) theory (and thus about SU(2)-WZW models).

6.2. Boundary gauge groups

Let us now consider SU(2) Chern-Simons theory on a closed three-manifold M with a

surface operator inserted on a surface Σ ⊂ M . In SU(2) Chern-Simons theory every

ad-invariant bilinear form on the Lie algebra is proportional to the Killing form B since

su(2) is simple. Folding the theory across Σ , we obtain a SU(2)×SU(2)-theory defined

on a manifold with boundary Σ. The action is given in terms of the new bilinear form

TrSU(2)×SU(2) ∼ B ⊕ (−B) (6.2.1)

on the Lie algebra su(2)⊕ su(2).

There is one very obvious Lagrangian subspace with respect to this bilinear form given

by the diagonal

∆ = {(u, u) |u ∈ su(2)}. (6.2.2)
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6.2. Boundary gauge groups

Note that in the non-abelian case the anti-diagonal {(u,−u) |u ∈ su(2)} is not a sensible

choice for a Lagrangian subspace since it is not a Lie subalgebra of su(2)⊕su(2). Indeed,

one has

[
(u,−u), (v,−v)

]
=
(
[u, v], [−u,−v]

)
(6.2.3)

=
(
[u, v], [u, v]

)
(6.2.4)

6=
(
[u, v],−[u, v]

)
. (6.2.5)

But in order to be the Lie algebra of a boundary gauge group, the Lagrangian subspace

has to be a Lie subalgebra of su(2)⊕ su(2).

We will focus on the diagonal subspace ∆ and address the question about the corre-

sponding boundary gauge groups. What subgroups are there in SU(2) × SU(2) whose

Lie algebra is ∆?

First we note that the identity component can be nothing else but the diagonal in

SU(2)× SU(2)

D := {(U,U) |U ∈ SU(2)} ⊂ SU(2)× SU(2) (6.2.6)

which is isomorphic to SU(2). This is due to a standard result in the theory of Lie

groups and Lie algebras; see e.g. Theorem 4.14 in [19]. So we only have the freedom to

add connected components.

To find further constraints to this freedom, suppose we have already found some

disconnected subgroup H with Lie algebra Lie(H) = ∆. Since the identity component

of a Lie group is always a normal subgroup, the group H must actually be a subgroup of

the normalizer N(D) ⊂ SU(2)× SU(2). This observation generalizes straightforwardly

to other gauge groups and in many cases suffices to determine the possible boundary

gauge groups completely as we will demonstrate now in the SU(2) case.
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6. The non-abelian Case

For convenience, we will write SU(2)× SU(2) elements as block matrices. We have(
a 0

0 b

)
∈ N(D)

⇔

(
a 0

0 b

)(
U 0

0 U

)(
a 0

0 b

)−1

∈ D ∀U ∈ SU(2)

⇔

(
aUa−1 0

0 bUb−1

)
∈ D ∀U ∈ SU(2)

⇔ aUa−1 = bUb−1 ∀U ∈ SU(2)

⇔ (a−1b)U = U(a−1b) ∀U ∈ SU(2)

⇔ a−1b ∈ Z(SU(2))

(6.2.7)

But the center of SU(2) happens to be very small. In fact, we have

Z(SU(2)) = {1,−1} ∼= Z2. (6.2.8)

This means a−1b = 1 or a−1b = −1, or in other words

a = ±b. (6.2.9)

This gives us a surprisingly simple characterization of the possible boundary gauge

groups. There are only two of them, one being D itself and the other one being

N(D) =

{(
a 0

0 ±a

)∣∣∣∣ a ∈ SU(2)

}
∼= SU(2)× Z2. (6.2.10)

Having solved the SU(2) case, it is straightforward to determine the boundary gauge

group for more general gauge groups. We just have to compute the normalizer of the

diagonal subgroup D and look for subgroups therein having D as their identity compo-

nent.

For the slightly more general case SU(n) × SU(n) for instance, the same calculation

as above tells us that the normalizer of the diagonal subgroup is given by matrices

(a, b) ∈ SU(n)× SU(n) satisfying

a−1b ∈ Z(SU(n)) ∼= Zn. (6.2.11)

which is equivalent to

b = e2πi k
na, k = 0, ..., n− 1. (6.2.12)
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Thus we have

N(D) ∼= SU(n)× Zn (6.2.13)

with possible subgroups

SU(n)× Zν , ν|n. (6.2.14)

The completely general case with an arbitrary compact gauge group may not in general

be solved by merely computing the normalizer of the diagonal subgroup. The problem is

that in general N(D) may have a larger dimension than D so that the identity component

of N(D) will have a larger Lie algebra than ∆.

A theorem from chapter 20 in [20] gives a method for tackling the general case:

Proposition 6.2.1. Let g be a finite dimensional Lie algebra. The disconnected Lie

groups whose Lie algebras are isomorphic to g are precisely the extensions of the con-

nected ones by discrete groups.

Applied to our case this means, possible boundary gauge groups are groups H fitting

into the exact sequence

1→ D → H → Γ→ 1 (6.2.15)

with Γ finite. Yet another way to say this is that one has to find groups H ⊂ N(D)

such that H/D is a finite group. It is easily checked that this is in fact the case for the

SU(n) examples above.

6.3. Different Lagrangian subspaces

So far we have only studied one particularly simple Lagrangian subalgebra and the

question for other interesting ones suggests itself. In this section we will show that, at

least in the SU(2) case, there are essentially no other interesting Lagrangian subalgebras.

We will use the results of [21] of which we will give a short review.

Let G be a connected Lie group and g = Lie G its Lie algebra equipped with a non-

degenerate invariant symmetric bilinear form B. Consider the Lie algebra g⊕g equipped

with the bilinear form B ⊕ (−B).

We call a Lie subalgebra c ⊂ g coisotropic if c⊥ ⊂ c (where c⊥ is the orthogonal

complement of c with respect to B). If a subalgebra c is coisotropic, then c⊥ is an ideal

in c and B induces a non-degenerate invariant symmetric bilinear form B̄ on c/c⊥.

The authors of [21] now showed the following (which is called proposition 2.1 in their

work):
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6. The non-abelian Case

Proposition 6.3.1. The set of Lagrangian subalgebras of g ⊕ g is in G-equivariant

bijection with the set of all triples (c1, c2, ϕ) where c1 and c2 are coisotropic subalgebras

in g, and ϕ : c1/c
⊥
1 → c2/c

⊥
2 is an isomorphism preserving the form B̄.

Proof. The idea of the proof is the following. Given a Lagrangian subalgebra l ⊂ g⊕ g,

put c1 := pr1(l) and c2 := pr2(l) and ϕ(u + c⊥1 ) = v + c⊥2 where v is any element such

that (u, v) ∈ l. Then show that ϕ has the desired properties. Conversely, given a triple

(c1, c2, ϕ) as above, put

l := {(u, v) |u ∈ c1, v ∈ c2, ϕ(u+ c⊥1 ) = v + c⊥2 } (6.3.1)

and show that l is a Lagrangian subalgebra.

This proposition gives us a strong constraint on Lagrangian subspaces of su(2)⊕su(2).

Since su(2) is simple, any symmetric invariant bilinear form is a multiple of the Killing

form and since the group SU(2) is compact, the Killing form is negative definite. But

for a Lie algebra g with a definite bilinear form the only coisotropic subalgebra is g

itself. The proposition, together with (6.3.1) implies that any Lagrangian subalgebra of

su(2)⊕ su(2) is of the form

l = {(u, ϕ(u)) |u ∈ su(2)} (6.3.2)

with ϕ ∈ Aut(su(2)).

The diagonal subspace from the previous section corresponds to ϕ = id. Now we

can again determine the corresponding boundary gauge groups. Since SU(2) is simply

connected, there is a unique group homomorphism ψ : SU(2)→ SU(2) such that ϕ = dψ.

Since ϕ is an isomorphism, ψ is a covering map and using simply connectedness again

we see that ψ has to be the universal cover and therefore an isomorphism itself. We can

use ψ to do the same calculation as in (6.2.7) to end up with

ψ(U)ψ(a)−1b = ψ(a)−1b ψ(U). (6.3.3)

Since ψ is an automorphism, this implies

ψ(a)−1b ∈ Z(SU(2))

⇒ b = ±ψ(a)

So the normalizer of the identity component is

N =

{(
a 0

0 ±ψ(a)

)∣∣∣∣ a ∈ SU(2)

}
∼= SU(2)× Z2 (6.3.4)
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6.3. Different Lagrangian subspaces

with subgroups {(a, ψ(a))| a ∈ SU(2)} ∼= SU(2) and N itself. This shows that even if

we allow for arbitrary Lagrangian subspaces, the boundary gauge groups do not change.

Thus, all surface operators in SU(2) Chern-simons theory create either SU(2) or SU(2)×
Z2.1 This result is important for the next section where we use it to prove a classification

result.

1 But note that this statement was derived in the classical theory. In the quantum theory there might

arise surface operators which behave differently.
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7. On ADE Classification

7.1. Conformal field theory

As we already mentioned, the SU(2) case is particularly interesting because of the inti-

mate relationship between Chern-Simons theory and conformal field theory.

It is a popular question to ask for a classification of all rational conformal field theories

based on a given chiral algebra, i.e. to give a list of all possible Hilbert spaces

H =
⊕
jj̄∈I

Njj̄Vj ⊗ Vj̄ , (7.1.1)

where the Vj ,Vj̄ are irreducible representations of the chiral algebra and I is a finite

index set. This classification problem is explained in [2] and [15] to which we refer for

details.

The structure of the Hilbert space is encoded in the torus partition function

Z(τ) =
∑
jj̄

Njj̄χj(q)χj̄(q̄), q = e2πiτ (7.1.2)

where χj(q) = TrVj
(
qL0− c

24

)
are the characters of the representation and τ is the modular

parameter of the torus. For certain chiral algebras (including ŝu(2)k), modular invari-

ance of the partition function can be used to determine the possible partition functions

completely.

In the case of ŝu(2)k, the possible partition functions turn out to be in a one-to-one

correspondence with the ADE Dynkin diagrams. In particular, the theories correspond-

ing to the A diagrams exist for all levels k ≥ 0 and the D invariants can only exist for

even k (see table 7.1). Concrete realizations of the A- and D-invariants are given by

SU(2) and SO(3) Wess-Zumino-Witten models, respectively. Indeed, it is well-known

that SO(3) WZW models only exist for even k [22].

Now let us turn back to the 3D theory. It is known that Chern-Simons theory on a

manifold with boundary Σ leads to a conformal field theory on Σ. But since different

boundary conditions lead to different CFTs, the ADE classification should carry over to

boundary conditions (and therefore also for surface operators) in the 3d theory.
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7. On ADE Classification

level diagram modular invariant Z

k ≥ 0 Ak+1

k∑
n=0

|χn|2

k = 4l D2l+2

2l−2∑
n=0
n∈2Z

|χn + χ4l−n|2 + 2|χ2l|2

k = 4l − 2 D2l+1

4l−2∑
n=0
n∈2Z

|χn|2 + |χ2l−1|2 +
2l−3∑
n=1

n∈2Z+1

(χnχ̄4l−2−n + χ4l−2−nχ̄n)

k = 10 E6 |χ0 + χ6|2 + |χ3 + χ7|2 + |χ4 + χ10|2

k = 16 E7 |χ0 + χ16|2 + |χ4 + χ12|2 + |χ6 + χ10|2 + |χ8|2

+χ8(χ̄2 + χ̄14) + (χ2 + χ14)χ̄8

k = 28 E8 |χ0 + χ10 + χ18 + χ28|2 + |χ6 + χ12 + χ16 + χ22|2

Table 7.1.: ADE classification of ŝu(2)k CFTs (taken from [15]).

It is also well-known that SU(2) Chern-Simons theory leads to a SU(2) WZW model

on Σ. SU(2)×Z2 Chern-Simons theory leads to a Z2-orbifold of a SU(2)-WZW model1

which is known to be a SO(3)-WZW model. The SU(2)-WZW model exists for every k

and corresponds to the A-type Dynkin diagrams. The SO(3)-model exists only for even

k and corresponds to type D.

Thus we have found the surface operators in Chern-Simons theory corresponding to

the A and D invariants. But if this is true, the SU(2) × Z2-surface operator may only

exist for even k. It is our next goal to proof this.

7.2. ADE from the three-dimensional Point of View

7.2.1. SU(2) Gauge Group.

In the previous section we have seen that the D-type ŝu(2)k conformal field theories

can only exist for even k. In this section, we will make contact to surface operators in

Chern-Simons theory. We expect the SU(2)×Z2 surface operator to exist only for even

k as well and want to show this explicitly.

To do so, recall from section 6.2 that this surface operator allows gauge transformations

U : M → SU(2) to change its sign on Σ. Let us describe this in more detail. Denote by

M1 and M2 the pieces of M lying on the left, resp. on the right of Σ. Then, the surface

1 We have already encountered a similar phenomenon. Compare to section 5.4.1.
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7.2. ADE from the three-dimensional Point of View

operator glues the SU(2)-bundles over M1 and M2 along Σ by the condition that gauge

transformations may change their sign on Σ. Locally, we can describe this as follows.

Let U ⊂M1 and V ⊂M2 be patches over which the bundles are trivial and which have

some nonempty intersection X ∩ Y ⊂ Σ. Elements of the total spaces can be written

(x, U) resp. (y, U ′), with x ∈ X, y ∈ Y and U,U ′ ∈ SU(2).

Now, the gluing can be performed by introducing the equivalence relation

(x, U) ∼ (y, U ′)⇔ x = y ∈ U ∩ V and U = ±U ′. (7.2.1)

The new bundle is obtained by modding out this relation. Thus, it consists of equivalence

classes [(x, U)] = {(x, U), (x,−U)}. But in this new bundle, all information about the

center of the SU(2) gauge group is lost! Only information from the group SU(2)/Z2 is

visible.

In other words, we are left with a SU(2)/Z2 = SO(3)-bundle.

Now, let us see what implications this has on gauge invariance of the theory. Recall

that under a gauge transformation, the Chern-Simons action changes by a Wess-Zumino

term (see (A.3.5)). In our SU(2)-adapted normalization, this term reads

k

24π2

∫
M

Tr
(
U−1dU ∧ U−1dU ∧ U−1dU

)
(7.2.2)

(the motivated reader may have a look at [23] for more details on this). It is well-known

that in this normalization the SO(3)-WZW term can only be an integer (and therefore

vanish modulo 1) if k is even [22],[23]. This is related to the fact that the volume of

SO(3) is half the volume of SU(2). Indeed, if we recall the facts that U−1dU = U∗θ

(where θ is the Maurer-Cartan form) and that θ ∧ θ ∧ θ is the volume form of SU(2),

applying the integral substitution law for manifolds makes it clear that the WZW-term

is related to the volume of the group.

But this shows that the SU(2)×Z2 surface operator can only be consistent is the level

k is an even integer, in accordance with the ADE classification result of the previous

section.

Remark: In section 6.3 we showed that there there are more Lagrangian subalgebras

than the diagonal in SU(2) × SU(2). More precisely, we saw that every Lagrangian

subalgebra is the Lie algebra of a subgroup of the form

{(U,±ψ(U)|U ∈ SU(2)} (7.2.3)

for some automorphism ψ.
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7. On ADE Classification

So far we only classified the surface operator corresponding to ψ = id. A priori, it

might be possible for surface operators with ψ 6= id to exist also for odd k. However,

going back to (7.2.1) one can easily check that inserting ψ into the relation “∼” will not

change the fact that we will end up with a SO(3)-bundle. Thus, in the case ψ 6= id the

same reasoning as before will show that the corresponding surface operators exist only

for even k.

7.2.2. More general gauge groups.

The previous analysis is straightforwardly generalized to higher SU(n) geuge groups.

Recall that in these cases, surface operators create boundary gauge groups of the form

SU(n)× Zν where ν divides n.

Applying the same reasoning as above, we see that these operators lead to a SU(n)/Zν-

bundle. Thus, now the WZW-term (7.2.2) with gauge group SU(n)/Zν is required to

vanish modulo 1. This again gives restrictions on the level.

The above procedure demonstrates very directly the relationship between Chern-

Simons theory and WZW models. We can see very explicitly that surface operators

in Chern-Simons theory exist is and only if the corresponding WZW-action exists.

As a final interesting application, let us apply the above method to surface operators in

SU(3) Chern-Simons theory. Since 3 is a prime number, there are (up to trivial twistings

by automorphisms) only two surface operators in this theory: the trivial surface operator

which does not do anything (and exists for all levels) and a surface operator creating a

SU(3)× Z3 boundary gauge group.

In this case, we are dealing with a SU(3)/Z3 WZW-term (normalized with respect

to SU(3)). It was shown in [22] that this term is an integer for every k. Thus, we see

that in SU(3) Chern-Simons theory there are no level restrictions on surface operators

whatsoever.

To find restrictions on the more complicated surface operators with larger n, it is now

clear how to proceed. One has to determine the value of the SU(n)/Zν-WZW-term

normalized with respect to SU(n) and see for which k this is an integer. There seem to

be good chances that this problem can be tackled using group cohomological methods

[23]. We will not pursue this here.
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8. Gluing theories with different levels

So far we considered only surface operators gluing two theories which have the same

level. A priori there might as well be interesting surface operators between theories with

different levels. We will argue that for simple Lie algebras g this is not the case. Let

us go back to the very beginning when we looked for Lagrangian subspaces of the Lie

algebra. We started with a Lie algebra g⊕ g equipped with the invariant bilinear form

B ⊕ (−B) and characterized Lagrangian subalgebras with respect to this form.

If we glue two theories with different levels, we have to find Lagrangian subspaces

with respect to a form

B ⊕ (−αB) (8.0.1)

for some number α. It is immediately clear that there is no more obvious solution such

as the diagonal subspace as soon as α 6= 1. We will use a reasoning similar to the proof

of prop. 2.1 in [21] to show that there are in fact no solutions at all.1

Let g be a simple Lie algebra and suppose we found a Lagrangian subalgebra l ⊂ g⊕g

with respect to (8.0.1). Then the projections c1 = pr1(l) and c2 = pr2(l) are coisotropic

subalgebras of g. Now consider the map

ϕ : c1/c
⊥
1 → c2/c

⊥
2 (8.0.2)

defined by ϕ(x + c⊥1 ) = y + c⊥2 , where y ∈ c2 is any element such that (x, y) ∈ l. Then

ϕ is a well-defined isomorphism of Lie algebras. The proof for this is precisely the same

as in [21]. It does not, however, preserve the induced bilinear form. It changes it as

B̄
(
ϕ(x+ c⊥1 ), ϕ(x′ + c⊥1 )

)
=

1

α
B̄
(
x+ c⊥1 , x

′ + c⊥1
)

(8.0.3)

Now, in our case B is definite (and so is αB) so the only coisotropic subalgebra is g

itself implying that c1 = c2 = g. So the above definition would give us an automorphism

of g such that

B
(
ϕ(x), ϕ(x′)

)
=

1

α
B(x, x′) (8.0.4)

1 There are, of course, always isotropic subspaces, that is, subspaces on which B⊕ (−B) vanishes. But

we are looking for such subspaces of maximal dimension.
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8. Gluing theories with different levels

But this is impossible since B is necessarily a multiple of the Killing form which is

invariant under automorphisms of the algebra.

Thus there can be no Lagrangian subspaces with respect to the form B⊕(−αB) unless

α = 1.
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9. Conclusion

In this last section, we give a brief summation of the our results and pose questions

which are still open.

In abelian Chern-Simons theory we investigated the relationship between surface op-

erators and two-dimensional conformal field theory. We computed what their fusion

means on the CFT level and confirmed the results of Kapustin and Saulina by showing

that for two given û(1) CFTs with Hilbertspaces H(p,q) and H′(p′,q′) (where (p, q) denotes

the choice of decomposition) we get

H(p,q) ◦ H(p′,q′) = GH(p′′,q′′), (9.0.1)

where ◦ denotes fusion and G = gcd(p, q, p′, q′), q′′ = lcm(gcd(p, q′), gcd(q, p′)).

Moreover, we have explicitly shown the correspondence between primary vertex op-

erators and line operators in U(1) Chern-Simons theory. We have seen that both are

determined by a pair of integers and transform the same way under Zv-transformations

generated by the surface operator. We have also seen how the discriminant group which

classifies line operators in U(1) Chern-Simons theory shows up in the CFT.

Furthermore, in non-abelian Chern-Simons theory we have investigated which surface

operators are possible and for which values of the level k they may appear. In the

interesting special case of SU(2) Chern-Simons theory, we have shown that (classically)

every surface operator creates either a SU(2) or a SU(2) × Z2 gauge group. This fact

has been used, together with gauge invariance, to show that the SU(2) × Z2 surface

operators can only exist for even k, thereby confirming an expectation motivated by the

ADE classification of ŝu(2)kconformal field theories. The same technique was applied

to SU(3) Chern-Simons theory to confirm the well-known fact that no level dependence

arises.

Finally, we showed that two Chern-Simons theories with different level cannot be

glued by a surface operator, at least if their gauge group is a simple Lie group because

no Lagrangian subspace with respect to the form B ⊕ (αB) can be found unless α = 1.

There are several questions which were left unaddressed or raised by this thesis. First

of all, ADE classification for ŝu(2)k conformal field theories contains not only the A
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and D invariants discussed by us, but also E invariants which exist only for the three

values k = 10, 16, 20. So we would expect there to be additional surface operators in

Chern-Simons theory which only exist for k = 10, 16, 20. These operators do not seem

to be visible in our classical approach and are expected to arise quantum mechanically.

So far, these operators have not been found and it would be interesting to understand

the three-dimensional reasons why they can only appear at these special values of k.

Secondly, it would be interesting to extend our results to more general gauge groups,

for instance those which are not necessarily simple or semisimple. In particular, there

might be nontrivial Lagrangian subspaces in g⊕ g with respect to B ⊕ (αB) if g is not

simple.

Moreover, to the authors knowledge, the fusion of surface operators in non-abelian

Chern-Simons theory is not understood at all so far. As we have seen, there are not

many surface operators e.g. in SU(2) Chern-Simons theory so one might hope for a

comparatively simple fusion law.
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A. Principal bundles, Connections and

the Chern-Simons Action

In this section, we give a very short introduction to the theory of principal bundles and

connections with the aim to write down a well-defined expression for the Chern-Simons

action. This discussion mainly follows [27]

A.1. Basic ingredients

Definition A.1.1. Let G be a Lie group. A triple (P, π,M) of smooth manifolds P,M

and a surjective smooth map π : P →M is called a principal G-bundle, if

1. G acts on P from the right and one has π(p · g) = π(p) for all p ∈ P and g ∈ G
and this action is free and transitive on the fibers π−1(x) for all x ∈M .

2. There exists an open covering {Ui} of M and diffeomorphisms φi : π−1(Ui) →
Ui ×G such that

(i) pr1 ◦ φi = π

(ii) φi(p · g) = φi(p) · g for all p ∈ π−1(Ui) and g ∈ G.

(the G-action on Ui ×G is defined by (x, h) · g = (x, hg).)

We call M the base space and P the total space and G the gauge group of the bundle.

The simplest example of a principal bundle over a given base M is the trivial bundle,

given by the triple (M ×G, pr1,M). Examples of non-trivial bundles with finite gauge

groups are given by regular covering spaces.

Definition A.1.2. A section of a principal bundle is a smooth map s : M → P such

that π ◦ s = idM .

A map which has the same property, but is defined only on an open subset of M is

called a local section.
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We immediately see that sections are always injective. To get a feeling, it is again

enlightening to consider the trivial bundle. Here, a section is a map s = (s1, s2) : M →
M × G satisfying pr1(s(x)) = x. So s must have the form s(x) = (x, s2(x)). Thus

we have shown that all sections of the trivial bundle are uniquely determined by their

second component and therefore are in one-to-one correspondence with maps from M

to G.

Definition A.1.3. Let (P, π,M) and (P ′, π′,M ′) be principal G-bundles. A morphism

from (P, π,M) to (P ′, π′,M ′) is a smooth map φ : P → P ′ commuting with the G action.

The induced map φ̄ : M → M ′ obtained by putting φ̄(π(p)) = π′(φ(p)) is said to be

covered by φ.

If (P, π,M) = (P ′, π′,M ′) and φ̄ is the identity we call φ a gauge transformation.

Gauge transformations turn out to take a specific form in general. Since they commute

with the G-action, they map fibers into fibers so there exists a map gφ : P → G such

that

φ(p) = p · gφ(p). (A.1.1)

There is a useful connection between gauge transformations and sections of a principal

bundle which we like to close this section with.

Lemma A.1.1. Let (P, π,M) be a principal bundle and s1, s2 sections. Then there is a

gauge transformation φ such that

s2 = φ ◦ s1. (A.1.2)

Proof. On the image of s1 we can put φ(p) = s2 ◦ s−1
1 (p), since sections are always

injective. Now, every other point in P lies in the fiber over some m ∈ M and thus has

the form p = s1(m) · gp for suitable gp ∈ G (the mapping p 7→ gp is smooth since s1 and

the G-action are smooth). For those points, we put φ(p) = s2(m) · gp.
In this way, we have obtained a well-defined smooth map from P to P which manifestly

has the required property (A.1.2). We have to check that it is a gauge transformation.

That φ commutes with the group action is clear from its construction. It remains to

show that the induced map on M is the identity. Let m ∈M . We compute

φ̄(m) = φ̄(π ◦ s1(m)) = π(φ(s1(m))) = π(s2(m)) = m

which completes the proof.
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A.2. Connections

We let again G be a compact Lie group and g its Lie algebra. We denote by Lg and Rg

left- and right multiplication with g ∈ G. Recall that every X ∈ g uniquely determines

a left invariant vector field X̃ on G by defining

X̃(g) = (Lg)∗X (A.2.1)

and that the Maurer-Cartan form θ on a Lie group G is the Lie algebra valued 1-form

defined by

θ(X) = (Lg−1)∗X (A.2.2)

for X ∈ TgG. It satisfies the Maurer-Cartan equation

dθ +
1

2
[θ, θ] = 0. (A.2.3)

Definition A.2.1. Let ip : G→ P be the inclusion of fibers, ip(g) = g · p. A connection

on a principal G-bundle (P, π,M) is a Lie algebra valued 1-form A ∈ Ω1(P ) ⊗ g such

that

1. R∗gA = Adg−1 ◦A ∀g ∈ G

2. i∗pA = θ ∀p ∈ P

It is important to know the behavior of a connection under pullbacks with gauge

transformations. We shall investigate this now. In the following we will often denote

principal bundles with P instead of (P, π,M) when no ambiguities can arise.

Proposition A.2.1. Let A be a connection on a principal bundle P and φ : P → P a

gauge transformation. Then one has

φ∗A = Adg−1
φ
◦A+ g∗φθ, (A.2.4)

where θ is the Maurer-Cartan form.

Proof. Writing out the pullback we get

φ∗A(X) = A(φ∗X)

for some X ∈ TpP . So we have to calculate the push forward φ∗. Let γ be some curve

in P such that γ̇(0) = X. Then

φ∗(X) =
d

dt

∣∣∣∣
t=0

φ(γ(t))

=
d

dt

∣∣∣∣
t=0

γ(t) · gφ(γ(t))

= (Rgφ(p))∗(X) + ˜(Lg−1
φ

)∗(X)(p · g),
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where in the third line we used a standard identity whose proof is elementary. Applying

A, we find

φ∗A(X) = (Rgφ(p))
∗A(X) + g∗φθ(X).

Now use 1. of definition A.2.1.

If G is a matrix Lie group one has Adg ◦A = gAg−1 (matrix product) and θ = g−1dg.

In this case, the transformation law (A.2.4) turns into

φ∗A = g−1Ag + g−1dg (A.2.5)

which physicists tend to like more.

Finally, we introduce the curvature of a connection A defined as

F (A) = dA+
1

2
[A,A]. (A.2.6)

It can be checked to transform as

φ∗F = Adg−1
φ
◦ F

under gauge transformations. In particular, the trace of F is gauge invariant.

A.3. The Chern-Simons Action

Now we are ready to construct the Chern-Simons action. Let P be a principal bundle

over a closed 3-manifold M and let A be a connection on that bundle. Choose an

ad-invariant bilinear form

〈·, ·〉 : g⊕ g→ R

on the Lie algebra g = Lie(G). We define the Chern-Simons form to be

α(A) = 〈A,F (A)〉 − 1

6
〈A, [A,A]〉. (A.3.1)

This is a 3-form and so can be integrated over a 3-manifold. Indeed, the Chern-Simons

action will be an integral over this form, but before we write it down we need to know

how the Chern-Simons form behaves under gauge transformations.

Lemma A.3.1. Under gauge transformations the Chern-Simons form transforms as

φ∗α = α+ d
〈
Adg−1

φ
A , g∗φθ

〉
− 1

6

〈
g∗φθ , [g∗φθ, g

∗
φθ]
〉

(A.3.2)
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Proof. This is a rather straightforward calculation repeatedly making use of the Maurer-

cartan equation and the ad-invariance of
〈
· , ·
〉
. First, we have

φ∗α =
〈
Adg−1

φ
A+ g∗φθ , Adg−1

φ
F
〉
− 1

6

〈
Adg−1

φ
A , [Adg−1

φ
A+ g∗φθ,Adg−1

φ
A+ g∗φθ]

〉
=
〈
A , F

〉
− 1

6

〈
g∗φθ , [g∗φθ, g

∗
φθ]
〉
− 1

6

〈
A , [A,A]

〉
+
〈
g∗φθ , Adg−1

φ
F
〉

− 1

3

〈
Adg−1

φ
A , [g∗φθ,Adg−1

φ
A]
〉
− 1

6

〈
Adg−1

φ
A , [g∗φθ, g

∗
φθ]
〉

− 1

3

〈
g∗φθ , [g∗φθ,Adg−1

φ
A]
〉
− 1

6

〈
g∗φθ , Adg−1

φ
[A,A]

〉
The first three terms are already part of what we want. The last two lines in the above

can be brought into the form

−1

2

〈
g∗φθ , Adg−1

φ
[A,A]

〉
+
〈
Adg−1

φ
A , d(g∗φθ)

〉
(A.3.3)

using ad-invariance and the Maurer-Cartan equation. Thus we have

φ∗α = α− 1

6

〈
g∗φθ , [g∗φθ, g

∗
φθ]
〉
− 1

2

〈
g∗φθ , Adg−1

φ
[A,A]

〉
+
〈
Adg−1

φ
A , d(g∗φθ)

〉
+
〈
g∗φθ , Adg−1

φ
F
〉
.

Let us now compute the term
〈
g∗φθ , Adg−1

φ
F
〉
. We have

〈
g∗φθ , Adg−1

φ
F
〉

=
〈
g∗φθ , d(Adg−1

φ
A) +

1

2
Adg−1

φ
[A,A]

〉
=
〈
g∗φθ , d(Adg−1

φ
A)
〉

+
1

2

〈
g∗φθ , Adg−1

φ
[A,A]

〉
= d
〈
Adg−1

φ
A , g∗φθ

〉
−
〈
Adg−1

φ
A , d(g∗φθ)

〉
+

1

2

〈
g∗φθ , Adg−1

φ
[A,A]

〉
The last two terms exactly cancel those in (A.3.3) leaving us precisely with (A.3.2).

Now we are ready to write down the action.

Definition A.3.1. Let P be a principal G-bundle and s a section. The Chern-Simons

action is defined as

S(s,A) =

∫
M
s∗α(A). (A.3.4)

Several remarks are in order. First, we would like the action to be independent of s,

of course, which is just gauge invariance. Second, one should note that it is not clear if

there even exists a section for a given principal bundle P . In fact, one can show that

sections exist if and only if the bundle is trivial. Therefore, for the remainder of this
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section we will assume that P is trivial.1 The case where P may be nontrivial is treated

in section [23].

Now let us turn to gauge invariance.

Proposition A.3.1. Let s, s′ be sections of P and φ a gauge transformation such that

s′ = φ ◦ s. Then the following equation holds

S(s′, A) = S(s,A)−
∫
M

1

6
g∗φ〈θ, [θ, θ]〉. (A.3.5)

Proof. Since M is closed, this follows immediately from Lemma A.3.1.

Now, this was a very confident way of saying that S is not gauge invariant. What can

we do about this? The key point is to realize that to write down a gauge invariant path

integral, the action itself does not have to be gauge invariant but only its exponential

e2πiS . In other words, S only has to be gauge invariant modulo one. This motivates the

following

Hypothesis 1. Assume the bilinear form 〈·, ·〉 to be normalized such that the closed

form −1
6〈θ, [θ, θ]〉 represents an integral cohomology class.

Now we can define the final Chern-Simons action as

S(A) := S(s,A) (mod 1). (A.3.6)

In the special case of SU(2), every ad-invariant bilinear form in the Lie algebra is a

multiple of the Killing form and the ones that are integral have the form

〈a, b〉 = − k

8π2
Tr(ab), a, b ∈ su(2), (A.3.7)

where k is an integer. In this case, the Chern-Simons action takes the form

S(A) = − k

8π2

∫
M

Tr
(
A ∧ dA+

2

3
A ∧A ∧A

)
. (A.3.8)

Note that in this section we have only considered the Chern-Simons action on closed

manifolds. It can be rigorously defined on manifolds with boundary as well, but then

further problems with gauge invariance arise, since the term
∫
d〈Adg−1

φ
A, g∗φθ〉 does not

vanish anymore. In this case, the upshot is that the action will not be a simple number

anymore, but a section in a specific line bundle. The interested reader may consult [27].

1 For example, this is always true, if the gauge group is simply connected.
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The discussion in section 5.6.2 gives us a pairing on the space of rational û(1) CFTs

(henceforth referred to as the fusion product). However, this product depends on the

way we decompose the Hilbert spaces into extended modules (see section 5.4). This

is somewhat unsatisfactory since we would like such a product to depend only on the

CFT and not on the way we write it down. One way to obtain an independent product

would be to always take the minimal decomposition (5.4.1) of H. This turns out to be

problematic because the redundancy in nq −mp now leads to a sum over Z (instead of

Zg) . Thus, in the coefficient matrix N ′′ab we would be summing up infinitely many 1’s

which makes it impossible to interpret the result as a free Boson CFT again.

For non-rational CFTs, however, the charges Qmn determine the numbers m and n

uniquely and the above redundancy problem does not emerge. Thus, non-rational CFTs

seem to be a better starting point for the definition of an invariant product. We will see

that not even in this case, one obtains a sensible product structure. But let us see how

far we get.

Z2-freedom. Let

H =
⊕
m,n

VQmn ⊗ VQ̄mn and H′ =
⊕
m′,n′

V ′Q′
m′n′
⊗ V ′Q̄′

m′n′
(B.0.1)

be two Hilbert spaces of two non-rational CFTs. The fusion product will be a sum over

all Qmn, Q̄
′
m′n′ satisfying Q′m′n′ = Q̄mn. Since the fused CFT sould again have a charge

lattice of rank 2, the equation Q′m′n′ = Q̄mn must have a Z2-freedom in m and n. In the

following, we will derive a sufficient condition for such a Z2-freedom.

The equation Q′m′n′ = Q̄mn is equivalent to

n′

R′
−m′R′ = n

R
+mR. (B.0.2)

Putting a = R′

R and b = RR′, we can write this as

n′ −m′ab−mb− na = 0. (B.0.3)
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Lemma B.0.2. Suppose that either a2 or b2 is rational and there exist numbers k, n,m ∈
Z\{0} such that

am+ bn+ k = 0. (B.0.4)

Then one has Z2-freedom in equation (B.0.3).

Proof. Let wlog. a2 ∈ Q. Multiply (B.0.4) by a to obtain

a2m+ abn+ ak = 0. (B.0.5)

Now, write a2 = p
q with p, q ∈ Z and multiply by q

pm+ abnq + akq = 0. (B.0.6)

Now, we have found two quadruples of solutions to (B.0.3), namely

(k, 0,m, n) and (pm, qn, 0, kq). (B.0.7)

These are clearly linearly independent since n 6= 0.

The condition am + bn + k = 0 seems to be quite strong, but one can actually show

that it is necessary for a Z2-freedom in (B.0.3). It is also easy to see that we can not

get more than a Z2-freedom:

Suppose, we had three linearly independent quadruples of solutions to (B.0.3). By

linear combinations, we could form new sets of solutions of the form (k, 0, 0,m) and

(k, 0, n, 0). But this means that a and b satisfy

am+ k = 0 and bn+ k = 0 (B.0.8)

which immediately implies a, b ∈ Q and therefore R2, R′2 ∈ Q.

Coefficient matrix. Now that we have a large class of theories admitting the required

Z2-freedom in (B.0.3), it is straightforward to write down the fused coefficient matrix.

Let (n1,m1, n
′
1,m

′
1) and (n2,m2, n

′
2,m

′
2) be two linearly independent sets of solutions to

Q̄mn = Q′m′n′ . Put

√
2Qvw =

vn1 + wn2

R
− (vm1 + wm2)R, and

√
2Q′vw =

vn′1 + wn′2
R′

− (vm′1 + wm′2)R′.

Then, the set {(Qvw, Q̄′vw) | v, w ∈ Z} is the charge lattice of the fused theory. Its Hilbert

space is, of course,

H′′ =
⊕
v,w

VQvw ⊗ VQ̄′vw . (B.0.9)

68



In contrast to the rational case, we have no information about the radius of the fused

theory yet. In fact, we do not even know if there exists a radius R′′ such that the above

charge lattice can be written in the form
{

1√
2

(
v′′

R′′ − w
′′R′′, v

′′

R′′ + w′′R′′
)∣∣v′′, w′′ ∈ Z

}
.

We will actually show in the following that such a radius does not exist and therefore

the above attempt to define an invariant product structure is doomed to fail.

The radius R′′. First, let us show again that for R2, R′2 /∈ Q the charges Qvw deter-

mine the integers v and w uniquely, so we do not have to bother with redundancy. To

see this, note that x := vn1 + wn2 and y := vm1 + wm2 are uniquely determined by

Qvw (otherwise, R2 would have to be rational). So, if we are able to express v and w in

terms of x and y we are done. Using the defining equations of x and y, we obtain

xm2 − yn2 = v(n1m2 − n2m1)

xm1 − yn1 = w(n2m1 −m2n1)

so v and w are determined by Qvw if n1m2 − n2m1 6= 0.

Lemma B.0.3. If R′2 6= Q, then n1m2 − n2m1 6= 0.

Proof. Suppose, n1m2 −m1n2 = 0. We can interpret this equation as

det

(
n1 m1

n2 m2

)
= 0 (B.0.10)

and deduce that the vectors (n1,m1) and (n2,m2) are linearly dependent. Thus, there

exists a λ ∈ Q such that (n2,m2) = (λn1, λm1). Using (B.0.2), we now compute

n′2
R′
−m′2R′ =

n2

R
+m2R

= λ
(n1

R
+m1R

)
= λ

(n′1
R′
−m′1R′

)
We infer

λn′1 − n′2 = (λm′1 −m′2)R′2. (B.0.11)

Hence, if R′2 /∈ Q, we must have (n′2,m
′
2) = λ(n′1,m

′
1) and therefore

(n1,m1, n
′
1,m

′
1) = λ(n2,m2, n

′
2,m

′
2) (B.0.12)

contradicting linear independence of (n1,m1, n
′
1,m

′
1) and (n2,m2, n

′
2,m

′
2).
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To find the radius for the fused CFT, we now have to solve the system of equations

vn1 + wn2

R
− (vm1 + wm2)R =

v′′

R′′
− w′′R′′ (B.0.13)

vn′1 + wn′2
R′

+ (vm′1 + wm′2)R′ =
v′′

R′′
+ w′′R′′ (B.0.14)

We will now show that this system has no solution. Subtracting eq. (B.0.13) from eq.

(B.0.14) and using eq. (B.0.2), we get

w′′R′′ = (vm1 + wm2)R+ (vm′1 + wm′2)R′ (B.0.15)

⇒ w′′ = v
m1R+m′1R

′

R′′
+ w

m2R+m′2R
′

R′′
(B.0.16)

Since w′′ has to be an integer for all v, w, the terms
m1R+m′1R

′

R′′ and
m2R+m′2R

′

R′′ have to

be integers themselves. In particular

m1R+m′1R
′

m2R+m′2R
′ =: r ∈ Q (B.0.17)

⇔ m1 − rm2 = (rm′2 −m′1)
R′

R
(B.0.18)

⇒ Either
R′

R
∈ Q, or m1m

′
2 = m′1m2 (B.0.19)

But as in Lemma B.0.3, one shows that m1m
′
2 = m′1m2 implies R′

R ∈ Q, so in any case

we must have R′

R ∈ Q.

By analogous arguments we can derive a formula for v′′ similar to (B.0.16) and find

that in any case the product RR′ must be rational. But this contradicts our assumptions

since now we must have

RR′ · R
R′

= R2 ∈ Q (B.0.20)

RR′ · R
′

R
= R′2 ∈ Q. (B.0.21)

Hence, both theories would have to be rational which contradicts our initial assumption.
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